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Abstract. For the Landau- Poisson system with Coulomb interaction in Rg, 
we prove the global existence, uniqueness, and large time convergence rates to 
the Maxwcllian equilibrium for solutions which start out sufficiently close. 
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1. Introduction 
In this paper we consider the important Landau-Poisson system: 

d t F+ + v ■ V X F+ + ■ V V F+ = Q(F+,F+) + Q(F-,F+), 

m+ 

(1.1) dtF- + vV x F--—E-V v F- = Q(F+,F-) + Q(F-,F-), 

m_ 

F±(0,x,v) = F Qi ±(x,v). 

Here F±(t, x,v) > are the spatially periodic number density functions for the ions 
(+) and electrons (-) respectively, at time t > 0, position x = (xi,X2,X3) £ K 3 , 
velocity v = (vi,V2,vs) € K 3 , and e±, m± the magnitude of their charges and 
masses. The collision between charged particles is given by 

(1-2) Q(G±,G^)(v) = ^V v . [ $(v-v*) G±{v * )WvGzf{v) dv* 
m± J R3 m T 

-V v ■ / <f>(w-v*)— L — dv* 

m± J R 3 m± 

where <I> is the fundamental Landau (or Fokker-Planck) kernel [16j : 

(1-3) *M = ±(i 
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Here c± T = 27re±e|lnA, In A = In(^), X D = ( 47r ^° e 2 ) 1/2 is of course the Debyc 

2 

shielding distance and 60 = -§jr is the typical 'distance of closest approach' for a 
thermal particle [TB]. Note that the ± and the =F signify the possibility of either 
the + or the — in the sign configuration. 

The self-consistent electrostatic field E(t, x) = — V0, and the electric potential 
<j) will then satisfy: 

(1.4) V • E = -A<j> = Aitp = 4tt / {e+F+ - e-F-}dv. 

Jr 3 

We consider the global Maxwellian equilibrium: 

M«) = ^(-^-)3/ 2e -™ + M 2 /-T 0; {v) = no { rn_ ^-m.H^n 
e+ ZitkIq e_ IttkIq 

Our main goal will be to prove global in time existence of solutions to the Cauchy 
problem (jl.ip , and the convergence to these equilibria in large time for perturbative 
initial conditions. 

For notational simplicity and without loss of generality, we normalize all con- 
stants in the Vlasov-Poisson-Landau system to be one. Accordingly, we normalize 
the Maxwellian as 

(1.5) = M«) = = {2^' 2 er^ 2 ' 2 . 
We define the standard perturbation f±(t,x,v) to fi as 

(1.6) F± =M + \/M/±- 

Consider the vector f(t,x,v) = [f + (t,x,v),f-(t,x,v)], the Vlasov-Poisson-Landau 
system for the perturbation now takes the form (two equations): 

(1.7) {d t +v-V x ±E- V„}/± T 2{£ • vj^JI + L ± f = ±{E ■ v}f ± + T±(f, /), 



(1.9) Lg 



(1.8) -A^= / y/ji[f + -f_]dV. 

For any g = [<?+,, <?-] , the linearized collision operator Lg in f| 1 . T[) is given 

'L+g \ 1_ /2Q(p, + + .9-}, AO 

.£-57 _ V 2 Q(M>v^5-) + £(^{5+ +fl , -},/«), 

For g = [g + ,g_] and /i = the nonlinear collision operator T(g,h) is 

fi 101 re fei - ^ r +(-9' fe A _ 1 (Q(VJ I 9+,y/^h+) + Q(y/jig-,y/jih + )\ 
' 1 j ~ Vr-(.9^y ~ ^VQ(Vm.9+ i ^-) + Q(v / m.9-,^-)/' 

This is the model that we will study in the rest of this paper. 

1.1. Previous Results and Our Approach. We recall that there have been 
many constructions of global in time perturbative solutions to kinetic equations in 
the last decade, see for instance [8].[^rTT1-fT5|f22l-[24] . 

In particular we now discuss some specific results in the perturbative context. 
We point out the global existence proof for the full rclativistic Landau-Maxwell 
system from [24] in 2004, and very recently the global result for the rclativistic 
Vlasov-Maxwell-Boltzmann system in [15] . In 2011, Guo constructed global smooth 
solution near Maxwellian for the (non-rclativistic) Vlasov-Poisson-Landau system, 
as in (|1.7j) . in [10] in the torus. Notice that this Vlasov-Poisson-Landau system 
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is physically motivated from the relativistic case because it arises as the formal 
Newtonian limit of the relativistic Landau-Maxwell system ( |24] ) 

For other work related to the Landau equation from different approaches, see 
PI2I3Q21I2SM] and the references therein. 

Unfortunately, despite these advances, the stability of the Maxwellian equilib- 
rium for the non-relativistic Vlasov-Poisson-Landau system in the whole space, as 
in (|1.7j) . has remained out of reach. Since the Poincare inequality fails in R^, the 
strategy in |10] can not be directly applied. But we can develop new ideas, building 
upon the methods in [3], [Jj|] and [5D] to overcome the main new difficulties. 

Wc first prove optimal large time decay rates for the linearized system by paying 
the cost of a gain in a velocity weight. Then we build upon strategies from [19], 
[TO] , and [20] to develop the following energy inequality for the solution of (|1.8[) : 

j/(f)+v< (IMoo + l|v^|U)£(/), 

where £ (/) denotes some energy functional and T>(f) denotes some dissipation 
functional. To use this energy inequality we notice, as usual, that T> controls £ 
when the weight |u| is small compared to time variable t p except for the term 
P/. When the weight |u| is big compared to time variable t p , wc have control of 
the energy growth by putting more weights on the initial data. The gain in the 
weight function in our linear theory will not pose a problem for Pf in the Duhamel 
formula, because P/ has exponential decay in v. So by Gronwall's inequality, we 
have nice control, (|1.16[) . as long as /(Hdt^Hoo + ||V x 0|| oo )(s)ds < oo. 
Unfortunately, the decay of £ itself does not guarantee that 

J (||<M|oo + ||V a: ^|| 00 )(s)ds < oo. 

To overcome this difficulty we develop another energy inequality for the purpose of 
controlling J(||<9t<?i>||oo + | IV^^j |oo)(s)ds as follows: 

p(2) if)+ VW < ( | Moo + ||Vx^||oc)^ 2) (/) + ||VxP/|H, 

where £^ 2 \f) no longer contains Pf. Then this new energy inequality gives us 
enough decay of £^ 2 >(f), which guarantees J(||(?t0||cx) + ||Vc,;<?!>||oo)(s)ds < oo. 

We also mention the recent works of [6l[7] for another approach to this problem. 

In Section ll.2l we will introduce the notations used in this paper. Then in Section 
11.31 we will state our main theorem. 

1.2. Notation. For notational simplicity, we use || ■ || p to denote LP norms in 
R^ x R^ or in R^, and || • \\ p>w for L p norms with weight w(v) in R^ x R^ or in R^. 
We use | • |p to denote L p norms in R^, and | • \ PtW for L p norms with weight w(v) 
in RjJ. Let the multi-indices a and j3 be a = [ot\, ot2, 03], (3 = [/3i, P2, P3], and we 
define d<$ = d^d^d^d^d^d^. For such a multi-index 6 = [6 U 6 2 , 63], If each 
component of 8 is not greater than that of (?'s, we denote by 8 < 9; 9 < 9 means 
9 < 9, and \9\ < \9\ where \9\ = 9 X + 9 2 + 9 3 . Let w(v) > 1 be a weight function 
and || • ||2 lU) to denote the weighted L? norm. We define 

(1.11) H/iu = |K«>-*/|| 2lt0 + \\(v)-^ v f ■ ^\\ 2 , w + \\(v)-iv v f x JL\\ 2tW , 
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with (v) = ^T+W- Also H/IU = Similarly 

(1.12) |/U = \{v)-if\ 2 , w + K«>-*V„/ • |^| 2 ,«, + \(v)-?V v f x iL| 2)l0 , 

hi ' M 

and |/| CT = l/l^i. 

In this paper, the norm of a vector means the sum of the norms of all components 
of the vector. Also the norm of V*/ means the sum of the norms of functions d a f 
where \a\ = k. 

We define the velocity weight 

(1.13) w(a, (3)(v) = ( W ) 2 ('-M-I/»D, l>\a\ + \(3\. 
We also define 

(1.14) w k = (v) k . 

We use || • ||cr,fc and | ■ | CT .fc to denote || ■ ||(7,«j fc and | • \a,w k respectively. We use || • ||p,fc 
and | • \ p .k to denote || • \\ p , Wk an d I 1 \p,w k respectively. 

Recall (|1.11|) . We define the following continuous functionals, which arc called 
the instant energy and the dissipation rate, by 

= E E \w±miM~,f» + 

\a\ + \P\<m ± 

i> m ,i{m) = e En^{ I - p }/±(*)ii^(^) 

\a\ + \P\<m ± 

+ e En 9Qp /±wii2 + \\ E ®\\1 

l<|a|<m ± 

V m -Af)(t) ^ e Eii^^-p^wii^ko) 

|a|<m =t 

+ E En aQp /±wii2 + »)H2. 

l<|a|<m ± 

For an integrablc function c/ : R 3 — > R, its Fourier transform is defined by 

r 3 

g(k) = Fg{k) = / e- 2 ™- k g(x)dx, x-k = Y\ x jkj, fc e R 3 , 

where i = y/—T <G C. For two complex vectors a, b <G C 3 , (a \ b) = a ■ b denotes the 
dot product over the complex field, where b is the ordinary complex conjugate of b. 
We use (•, •) to denote the inner product over the Hilbert space L 2 ,, i.e. 



(.9, h) = / g(v) ■ h(v) dv, g = g(v), h = h(v) e L v . 

Analogously (■, ■) denotes the inner product over £ 2 (R 3 xRj). For r > 1, we define 
the mixed Lebesgue space Z r = Ll(L r x ) = L 2 (R 3 ; Z/(R 3 )) with the norm 

2/r \ V2 

def ' 



IMk = f N ^\g(x,v)\ r dxj dvj . 
We introduce the norms || • ||^,„ and || • \\<u m with m > and r > 1 given by 

(1-15) ||/||^ = WfWl^y = inking ll/lli 2 = 
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Here £T™ = H m (M.^,) is the standard homogeneous L\ based Sobolev space: 

NIW) = / * Ifc| 2m l5(fc)l 2 - 

In the next section we will discuss our main results. 

Throughout this paper we let C denote some positive (generally large) inessential 
constant and A denotes some positive (generally small) inessential constant, where 
both C and A may change values from line to line. Furthermore A < B means 
A < CB, and A > B means B < A. In addition, Am B means A < B and B < A. 



1.3. Main Theorem. Here is our main theorem of this paper: 

Theorem 1.1. Consider the initial data /o with Fo t ±(x, v) = fj,+ ^/jifo,±(x, v) > 0. 
Fix £ > 5 ; then there exists a small M — M{t) > such that if 

Sadfo) + ll/ollli <M, 

then there exists a unique global solution f(t, x, v) to the Vlasov-Poisson-Laudau 
system |i.7| ) and U.8\) with F±(t, x, v) = /i + y / /I/±(i, x, v) > 0. 

(1) Furthermore, we have 

(1.16) 4a(/(*)) < C e (l + t)-i (4. 3+f( ,_ |) (/o) + ||/o||| 1 ) , 
and moreover 

(1.17) HWJIU + llV^lloo <Ce(l + tyi +£ (js 3 Mo) + \\fo\\ Zl 

where e= {t- f € (0, |). 

(2) In addition, if £ m -i{fo) < oo for any I > £, I > m > 3, there exists an in- 
creasing continuous function P m j(-) with P mj ;(0) = such that the unique solution 
satisfies 

/>oo 

(1.18) SUP / 'Dm;l{f{s))ds<P m ^E m]l {f Q )). 
0<i<oo Jo 

The rest of this paper is organized as follows. In Section [2] we study the local 
existence theory for solutions to the Vlasov-Poisson-Landau system. In Section [3] 
we study time decay properties of solutions to the linear model. Then in Section 
E] we prove a collection of non-linear energy inequalities for a local solution. After 
that in Section [5] we use the time decay estimates and the energy inequalities to 
deduce that the local solution is in fact global. Lastly in Appendix IA1 we estimate 
some special time integrals. 



2. Local in time solutions 

In this section, we construct a unique local-in time solution to the Vlasov- 
Poisson-Landau system (|1.7j) and (|1.8j) if £2;2(/o) is sufficiently small. 

Wc first note that the linearized collision operator L is non-negative and is further 
known to be locally coercive in the sense that there is a constant Ao > such that: 



(2.1) 



(/,£/) > A„|{I-P}/£, 



(i 
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where, for fixed (t, x), P denotes the orthogonal projection from L 2 to Af, which is 
the null space of L : 



(2.2) 



Af = span jy/TiQ^, Wm^), I u IVm(^ }j 



with 1 < i < 3. 

Here are some Sobolev inequalities frequently used throughout this paper. 
Lemma 2.1. For / : — > R, we /iave 

(2-3) ll/lloo<||V,/||^ /2 ||v2/||^ /2 <||V a 
(2-4) ||/|| 6 <||V X /|| 2 ; 

(2.5) 
(2.6) 



|V 2 /|| 2 ; 



< 



2 /2 l|v*/ll2 /2 ;SII/lla + l|v a 



|v,/|| 2 < ii/ii^iiv 2 ,/^ 2 



< 



2 + IIV 



In this section we will use some basic estimates from Section 2 of [TU] . We would 
like to improve the result of Proposition 6 in |10j . For any vector- valued function 
g(v) =[<&], we define the projection to the vector [vi] as 



(2.7) 



Pv9i = XX^j}T-T2> 1 < * < 3. 



We will also use the norm estimate from Corollary 1 in [IT] 



(2-8) \g\l 



2 > 



2 . w i 



+ 



{{I-P v }d ig } 

2 

2,wi 



2 

2,W£ 



'9 



W e 



We establish the estimate for the nonlinear term T[gi, g 2 \. 
Proposition 2.2. Fix fei Then 

(2.9) (w2td%T[ gi ,g 2 ], d%g 3 )< Y, Y \9f9i\2,-b\d^g2\aA^9s\^ 

«l<« /3</3i<£i 

Here b > can be arbitrarily large. 

The key new point in this estimate is to use directly Proposition 3.5 in [9] on 
the worst term (|2.13p . 

Proof. Recall r [31,32] in (|1.10[) . By the product rule, we expand 

( W2 ^r[3i,3 2 ],^32> = Y. C « C P x G «^> 
where G ai p 1 takes the form: 

(2.10) +{w2t{^ * d fil [v if x 1/2 d j d a -g 1 ]}d^92, d$g 3 ) 

(2.11) -Mf 3 * d Pl [v i fx 1 ^g 1 ]}d j d^92, d$g 3 ) 

(2.12) -(w 2e {^ * 8 Pl [^ 2 d a - g 1 ]}d 1 d^g 2 , 8*8% ga) 

(2.13) +(w2i {<j> ij * d Pl \n 1/2 d j 6P*gi]}&£:% 32, did$g 3 ) 

(2.14) -(ddw 2 e}{^ * [ M 1/2 5 ai 3i]}^^3 2 , d<$g 3 ) 

(2.15) +<9iM{0 y * d 01 [^ 2 d j d^g 1 ]}d^g2,d^g 3 ). 
The last two terms appear when we integrate by parts over Vi variable. 
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We establish the upper bound in (|2.9j) for each of the terms above. For the last 
two terms (|2. 14|) and (|2.15[) . we have 



d>v(v) = 0(\v\- 1 )€Ll c (R 3 ). 



From 



the Cauchy-Schwartz inequality implies for any large b > that 
< J2 \^*{d Pl -^ 1/2 df gi }\ 



1/2 



< {\4> l3 \ 2 * v 1,4 } 1/2 {v) < E ^M^giMfdv 



(2.16) 



< [1 + l^l]- 1 J2 ^91 

P<Pl 



1 2,-6 



Since |9j[iU2<]| < C[l + M] lw 2e, we estimate (|2.14[) from (|2.16[) as follows 
E \ d T^\ 2 _J ^ + \v\]- 2 \d j d»Z^92d^g 3 \dv 



~ E \ d T^\ 2 _ b we[l + \v\]-id J d;z^g 2 ^ w t [l + \v\]^d%g 3 



f3<p 



< E \dfgi\2.- b \d«:^g 2 \ a , e \dpg 3 \^ 

by dm 

To estimate (|2.15p , we integrate by parts on the dj derivative in the i>* integration 
(inside the convolution). This splits 

(2.17) 0« * d Pl \n x * 2 djff**gi] = djtfi * 8 Pl [m 1/2 9 Qi 5i] - 0* * d Pl [d^ 1 ' 2 d^ 9l ]. 

When the derivative hits (jl 1 / 2 we proceed exactly as in the estimate for (|2.14l) . 
When the derivative hits (jf 3 (v — i>* ) we use the symmetry in v and to convert 
the dj to be a derivative in v (instead of one in v*) and then we integrate by parts 
in dj again (now within the v integration). All of the remaining terms resulting 
from this integration by parts can be estimated as in (|2.14p . 

We now estimate (|23D|) . Again recall that <f) ij (v) = 0(|«| _1 ) £ Lf oc . By ([2~T5]l . 
we have for any large b > that 

|0* * ^[V 72 ^ 1 ^]! < [1+ It;!]" 1 E \Sf9i\*,-b- 

B<f3 

Hence the corresponding integrand (|2.10[) is bounded by 



V/3i f 2 



Again using Cauchy-Schwartz and (|2.8[) . the u integral of the above is clearly 
bounded by right hand side of (|2.9[) . 
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Next we consider the estimates for (|2.11[) and (|2.12[) . We decompose their double 
integration region [v, u*] £ R 3 x I 3 into three parts: 

{\v\<l}, {2|v„| > |«|, | v | > 1} and {2|«,| < |«|, |w| > 1}. 
For the first part {|u| < 1}, recall 4> ij (v) = C^M" 1 ) € Lf oc . By pTT6]) . we have 

|0« * a ft [M 1/2 9 Ql 5i]| + 1^ * d 01 [^ 1/2 d ai g{\\ 
(2.18) < C7[l + Ivl]" 1 53 l^ffxU,-*- 

Hence their corresponding integrands over the region {\v\ < 1} are bounded by 

whose u— integral over {|u| < 1} is clearly bounded by right hand side of (|2.9p . We 
thus conclude the first part of {\v\ < 1} for (f2~TT]) and 1(212]) . 
For the second part {2|i>*| > \v\, \v\ > 1}, we have 

\dpAv 1/2 M}\ + \d Pl {v^ 1/2 M}\ < M 1/8 K)M 1/8 («)- 

By the same type of estimates as in (|2.16p . the v— integrands in ([2. lip and (|2.12[) 
are bounded by: 



fi^w^d^Z^g^ldid^l + \d$g 3 \] / \^(v - w,)| ^{v*)\df 9l {v*)\dv 



< 



2,-6 



[1 + |«|]-V 1/8 («)«^|^^>| [\did$g 3 \ + \d$g 3 \] 



By (|2.8p . its u— integral is bounded by the right hand side of (|2.9p because of the fast 
decaying factor /x 1 / 8 (i?). We thus conclude the second part of {2|u*| > \v\, \v\ > 1 } 
for the terms (gTU and (|2~T2"|) . 

We finally consider the third part of {21^*1 < \v\, \v\ > 1}, for which we shall 
estimate the terms in (|2.1ip and (|2.12p . The key is to expand U (v — ) . 

To estimate (|2.12p over the region \v\ > 1 and 2|w*| < \v\, we expand — v*) 
to get 

(2.19) ^'(« - »,) = ^(») - J] + ^fl|«^(e)o.^i. 

k k,l 

where v is between v and w — v* . We plug (|2~T9|) into the integrand of ([2~12l) . Notice 
that for either fixed i or 

(2.20) 51 ( v ) v i = J2 = °" 

^From (|2.7p . Lemma 3 in [TT] and (|2.20p . we can decompose 9jdoZ^g2 and did^g 3 
into their P„ parts as well as I — P v parts. For the first term in the expansion (|2 . 19[) 

\Y J ^{v)d J d a Z$ 1 i g2{v)d t d$g 3 {v)\ 

(2.21) = 1 53 - p v ]a,-^ 1 I s 2 («)}{[/ - p„]a 4 a^ 3 ( v )}| 

< C[l + \v\}- 1 \[I-Pv]d j d^g 2 (v)\ x |[7-P„]^ 3 («)|. 
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Here we have used (|2.20[) so that sum of terms with either 
P v djdpZ^g2, or PvdidpZpl93, 
vanishes. For the second term in the expansion (|2.19[) . by taking a dk derivative of 



we have Ylij ( v ) v i v j ~ ~^J2j 4> k ^{ v ) v j = 0- Therefore, expanding djdp_^g 2 
and did^gs into their P v and I — P v parts yields 

x{ [/ - P^^r^J - P,]^«? 3 + [/ - P«]fij ■d%Z?M p &W 
+[p v d j d^g 2 ][l - P v }did^g 3 }, 

where 

Notice that | c?fc<^> ZJ (v) | < C[l + M]~ 2 , for |u| > 1, we majorize the above by 

C [l + M]- 3/2 {|PA-^> 2 | + |P„5i^sa|} x 

(2.22) x[i + M]- 1/2 {|[/ - P^^r^l + |[I- P,]^ 3 |} 
+C[1 + |«|]- 1/2 |[/ - P„]fli^Z|>||[/ - P v ]did$g 3 \. 

The third term in (|2.19l) now can be estimated as follows. Since 

(2.23) 5H<H-|i;.|<|«|<K| + M<|n, 

thus \d k i(j) ij {v)\ < C[l + \v\}- 3 , and we have 

| £ dufl {v)dj8%Z% 52 (v)d^g 3 (v) \ 

k,l 

(2.24) < C[l + \v\r 3 \d J d;Z^g 2 (v)d l d^g 3 (v)\. 
Combining ([2~19|) . (|2~2Tj) , (|2~22]) and ([2~24]) . we have 

\Y f <t> ij (v-v*)d i d%z£g2d i d% 93 \ 

< C[l + \v*\] 2 {\J24>v(v)d j d%Z£g2(v)d i d$g 3 (v)\ 

+ | 9k4> ij (v)d j d^g2(v)d i d^g 3 (v)\ 
i,3 

+ | J2 duV^V^d^Mv^g^} 

i,3 

< C[l + \vA]H^d l d«Z^g2d 3 d«Z^g2} 1/2 {a^d l d%g 3 d 3 d$g 3 } 1 / 2 , 
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where we have used (|2.8[) . The v— integrand over {2\v'\ < \v\, \v\ > 1} in ()2.12p is 
thus bounded by 

wn J[i + \v.AV 4 M\dl l 9l (v,)\dv, x 

x{a ij did^ 928^1^ g2} 1/2 {a ij d i d^g 3 d j d^gs} 1 / 2 

Its further integration over v is bounded by the right hand side of (|2.9[) . 
We now consider the term (|2. 1 1|) . We again expand </) y ' (v — t>*) as 

(2.25) - «.) = - ^ 

k 

with v between v and v — u*. Since (f> tJ (v)vj = 0, we obtain as before 

£^>)0i^X w )W») 

(2.26) = E ^ («){/ - P„}S,-^X«) x ^ fl3 («) 

< q[i + nr 1/2 U - p,}a,-^X«)||[i + \v\}-^d a p93 (v)\. 

Notice that from (|2T23j) . \d k cj) lj (v)\ < C[l + M]~ 2 . Hence 

(2.27) |%^ J '(t;)Si^X«)^3(t;)| 

< {[1 + |«|]- 3/2 |Si^X«)|}{[l + |«|]- 1/2 |5|93(«)|}. 
By (|2.8[) , we conclude that the integrand in (|2.11j) can be majorized as 
/ \w 2e ^(v - v*)dpMv 1/2 Md ai gi(v')}djd^g2(v)d%g 3 (v)\dv* 

= J \w 2 iW 3 {v) - d k ^ j (v)v, k }d M^ /2 ^')9 ai gi(v*)}d j d^g 2 (v)d^^ 

<C j[l + \v*\}n 1/A {v*)\df gi {v*)\dv* x 

x{w 2 ^d i 8^ 92djd^ g2} 1,2 {w2 t o ij d i d<$g s d j d<$gz} 1 /\ 

where the summation is over 1 < i,j • < 3 and its further integration over v is 
bounded by the right hand side of (|2.9[) . 

We are now ready to prove the desired estimate for the most singular term (|2.13|) . 
Now to handle (|2.13[) we integrate by parts on the dj derivative in the i>* integration 
(inside the convolution). This splits 

(2.28) tf* * 8 01 [^l 2 djd^gi] = d j( f> ij * dp, [m 1/2 9 Qi <?i] - <t> ij * d Pl [d^ 1 ' 2 d^ gi }. 

For (|2. 13|) . the term with the integrand in ()2.28|) involving dj/j}/ 2 can now be 
estimated exactly as in the previous estimate of p. lip . Thus in the remainder of 
this estimate we focus or attention on the term in (|2.28[) which involves djcjfi . 

Notice dj(j) 13 ' (v) = O (M~ 2 ) ■ Therefore, in the convolution *dp 1 \n 1 / 2 d ai g\\, 
we now split into the two regions \v — v*\ > 1 and \v — u*| < 1. When we restrict 
the convolution to the region where \v — v m \ > 1, similar to (|2.16[) . we have 

*d P M 1/2 d ai 9i\ 



<[i + Mr 2 E Wgi 
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which will hold for any b > 0. Plugging this upper bound into the integrand of 
(|2. 13|) and applying the approach which was used to estimate (|2.14j) yields the 
desired estimate for this term. 

It now only remains to estimate (|2.13[) with the integrand djcffi * [fJ- 1 ^ 2 d ai gi] 
on the region \v — \ < 1. However from the previous estimates, on this region, we 
can observe that (|2.13[) with the integrand djcffi * dp 1 [^}^ 2 d ai g\\ is bounded above 
in absolute value by a constant multiple of 

/ dvdv* w 2 i{v)\v - v*\~ 2 fi 1/A (v) d" 1 gi(v^)dgZg^g2(v)d l d'Sg3(v) l\ v - v ,\<i. 

Here ^-\ v -v,\<\ is the usual indicator function of the indicated region: \v — v*\ < 1. 
In the above expression we are implicitly summing in particular over i and /?. Now 
we can apply the HLS estimate from Proposition 3.5 in [9j. Using this estimate the 
expression in the previous display is bounded above by a constant multiple of 



H Op gi n a j3 _ Pi g 2 



Hi 



\fj, s d l dpg 3 \ 



< 



2.-6 



\did$g 3 



As in Proposition 3.5 in [5], S > is some small number. In Proposition 3.5 of [pj, 
we have chosen b\ = 1 and 62 = 0. Of course, again, above b > can be taken 
arbitrarily large. We thus conclude the proof of Theorem 12.21 □ 



Now we start our construction of the local in time solution. We start with 
(2.29) F (t,x,v)=fi or /° = 0. 

To preserve the positivity for F n+1 , we design the following iterating sequence of 
F2 +1 as in EH: 



[d t + v-V x T V^ n • V„]F£ +i = Q(F£, F£ +i ) - SttF^F^ 1 - F£) 



+Q(F™, F£ +1 ) - 8ttF™(F£ +1 - F£) 



1itF™F£, 



(2.30) 



Acj) 



n+1 _ 



n+1 



F™ +1 )dv. 



We have used the formulation for Q which can be found, for instance, in [111 
Lemma 8]. We note that F£ > implies > from (|23D|) and the maximum 

principle. We now rewrite the above iteration in the perturbation form of F n+1 = 
H + V7V n+1 : 

[d t + v ■ V x T V«0 n • V t ,]/£ +1 - Afl +1 ± V T r ■ vfl +1 



f±) 



(2.31) 



-A</> 



n + 1 _ 



^ {f n+l _ f n + l )d 



n+l\ 



with f n+1 \ t =o = fo- Here for g = [g + ,g_], we denote as in [Gl] [SG1-2]: 

2 1 
Ag± = ~/=3(m> V&9±), K ±fJ = -^=Q(v7 I i9± + 9+},^)- 

We have the following local existence theorem: 
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Lemma 2.3. Assume for M > sufficiently small, we have £2-2(f n ) < M. Suppose 
that I > m > 2. 
(1) We have 

£2;l(f n+1 )+ f ' V 2 . tl (r +1 )ds 



+ r{iiv^"ii2 + iiv^ ?i+i ^+ E{ii^ r / n ii2 + n^ aQ r +1 ii2}}] 

J ° |a|<2 

A v Ili^'nJ 2 3 + nv^ n iu + iid t <nw<M/ n +1 ) 

J0 \a'\ + \0'\<l 

v-D2Af n )\/^Ar +i ) 



+ Cl 



+ Cl 



E 

|«'| + |/3'|<1 

E 

K| + |/3'|<1 



CT ' 77rV 



VV2Af n )VV2;l(f n+1 ) 



+ci f E v^ii(/ n ) II i^' (/± +1 - /±) 

70 | Q '| + |/3'|<1 



3 V^i«(/" +1 ) 



(2.32) 



+a f E - n ||i^ ; rk|L| v^ ; «(/ b+i ) 

1/0 |a'|+|0'|<l 
JO 



f^j For m > 3, we /iaue 

£ m;i (.r+\<n+ f v m AP +1 )ds 

Jo 

1 



< o / © mi «(/")ds + C7i£ m ;i(/o) 
o Jo 



+ci, m {iiv^"ii^ + iiv^" +i ni+ y, {\\^d a n\i + \\^d a r +i \\ 2 2 }} 



+c, 



I 



E 



\dir\ a „ 




2 

+ 

3 






£T4 



°W L via', f>') 



+||V^|| oo + ||9 t n ||] x [£ m a(D + £mAf n+1 )] 

ft 



i«'i+i5'i<if i H4 



E 

Kl + I/S'l<[¥] 



^'(r + 1 - Dkll 4 Wm-An\/£rn ; l(f n + 1 ) 



+Ci,mJ \J£ m -At*{f n+1 - f n })\/ £m-Af n+1 ) 

(2.33) +C Lm [ [Dm-iAD + T>m-l;l(f n+1 Wm-l;l(n + ^m-l^/"^) + !]• 

Jo 

Above S is some small positive number. 
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Proof. By the computation in Lemma 10 of [10] . we have 



where 



and 



dt 



(2.34) - { / y j± \ - I (w 2 d$Ar+\d%r +i ) 



(2.35) = - J e ±2 ^w 2 8^d a p + e ( ;jl +1 df i fl +1 + A + B, 



n+l 
± 



(2.36) A = ± C* 1 J e ±2 ^w 2 d%fl +l d a - ai V x <i) n ■ V v d^f z 

(2.37) T J2C^J e ±2 ^w 2 d^fl +1 d a - ai \7 x (t) n -dp[vd ai f^ +1 } 



(2-38) T / [ 2( \ + |„| 2 l/3 'W • « - W]e ±2r ™ 2 (dpfl +1 ) 2 



(2.39) + / w 2 (e ±2 ^ - l)d c ^fl +1 d^Afl +1 



+i 

± 



(2.40) B = T?J e ±2 * n w 2 V x d a cp n ■ dp{v^Jl}d%fZ 

(2.41) + J w 2 e ±2 ^d%K±f n d%fl +1 

(2.42) + J w 2 e ±2 ^d a p T ± {f\r +1 )d a p f. 

(2.43) -8tt | W 2 e ±2 ^"a^[^(/S + - 

(2.44) -16tt J w 2 e ±2 ^d^( fl +1 - fl)]d a p fl +1 . 
Above 

(2.45) Sf = 1 if e, t < /3; or <5| l = 0, otherwise. 

In our case, we have to estimate Jj||V x 0" +1 ||2. Also we use a new estimate of 
(|2.40[) . For the estimate used in [TO] of this term does not hold in IR.^ . 

For ^||V 2; ,l+1 |||, we use the continuity equation. Recall p n = j i/fl[f™ — f™]dv 
and j n = J Vy/jl[f™ — f"]dv. We now note that from the continuity equation of 

P? + V x -3 n = 0, 

we have 

(2.46) - AV x n = V x p n , Adtr = V, ■ j n . 
Thus 

(2.4?) |l||v^" +i i|2| < iiv^™ +i ii 2 nr +1 ii2 < iiv^" +i h 2 + \\^r +1 \\i 
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For (|2.40|) . via repeated integration by parts in v, we can move all the v derivative 
dp out of <9"/ n+1 to the factor dp\v,JJi]w 2 , so we have 

| T 2 J e ±2 * n w 2 V x d a <j> n ■ d p [v^I\d a p fl +1 \ 

< \\X7 x d a r\\l + \\v S d a fZ +1 \\ 2 2 

(2.48) < HV.^III + \\v S d a m 2 2 + \\(i s d a fZ +1 \\l 

where the last line comes from interpolation. 

Wc then collect estimates for all other terms in the proof of Lemma 10 in [ID] . 
For ,3 = 0, 

(2.49) - J {w 2 {a,Q)d a Afl+\d a fl +1 )dx>\\d a r +1 \\l MaW 

x(v) being a general cutoff function in v. For 3^0, for any rj > 0, we have 
{w 2 {a^)d a p Afl + \d<$fl +1 )dx 

(2-50) > \\8%r+ l \\l Ma>f)) ~ VD m .Af n+1 ) c Lv £ \\dpJ n+1 \\l M ^r 

P'<P 

For any r\ > and (3 > e, 

< ||^ , 9^_ ei /™ +1 || [T!tu ( Q . /3 _e ! )P|-e*/± +1 |lo-,»(a+e i , / 3-e i ) 

(2.51) < vV m df n+1 ) + c n \\6fd$_ e jz + % Ma ,p_ e& 

For ([2~36]) and ([2T37]) . we have 

(2.52) (239 + 12371) 



<^ll^/ n+1 ||^ + c, 



1/ 



71 + 1 I 



E (f n ) 



71+1^ 



+C„[£ m - lim - 1 (f n ) + M]V m _ 1;l (f n+1 ). 
For ([235)) . we have 

(2.53) O < Q, m All^Hoo + ||V^"||ooK(^/£ +1 ) 2 . 

Jo 

For (|2.39[) . we have for any rj > 0, 

(2.54) (J239J < >/M||^/ n+1 ||= ilB(a , fl) + C t , m VM £ 



| a| <m 

n+li|2 



ler,to(a,/3') " 



/3'<)9 



For (|2.41[) . we have 



(2.55) (eud < {v^ m -Af n ) + C4,«,, E iix^ribiv/^n^/^ 1 ) 

| a | <m 

< */[©m;j(D +^;i(f +1 )] + Q.ro.T, ]T HX^T 

|a|<m 



pn||2 
12- 
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For (|2T43|) . we have 

\a'\ + \f3'\<m 

z E M^Va" + /?)}u«V(/± +1 - /±)>Ui 

|a'| + |/3'|<m 



<Q J2 \f V m;l(f n ) \\\d#(f± +1 -f±)\c 

\<*'\ + \P'\<[%] 



+d J2 v^(/" +1 -/ n ) i^n« 

l«'l+|/3'l<[?] 



HI 



For (|2.44|) , we have 

(EH < y/£2;Mf n+1 - f n })^2df n+1 )- 
For ((OH), when |a| + |/3| < 2, we have 

®M % y/£*Af n )v*Af n+1 )- 

For (f2~42|) , when | 

a l + l/^l = m — 3, for any r\ > 0, there exists Ci, m:Tj > with 



(£H)< v^(/ n )ll9§7 n+ II 



a f n+1 1 12 



+r?{j£ 2 ;2(/") + 1} E II 5 !''/ 



n+l||2 



|a'| + |0'|=m 
/3'</3 



i^'r +1 i 



+C(,m,?) ^ ] 

|a'| + |/3'|<[f.] 

+C , ,, m , T ,{£^_ 1 .l(D + l}{Pm-l;j(/ n+1 )} 



<»>■ 
n+1 



3 



WD 



(2.56) 

We note that our estimate of (|2.42[) is much simpler than that in Lemma 10 of [TU] . 
because our result in Proposition 12.21 is much simpler than that of Proposition 6 
in [TU]. Combining the estimates for (|2.34[) to (|2.44j) completes the proof of this 
lemma. □ 

We now have the following uniform bound on the iterating sequence: 



Lemma 2.4. Assume f Q g ^(IJxK^) such that F = fi + ^Jif Q > with ( TOP)) . 

(1) There exist small constants < T < 1 and M > 0, such that if £2-,2{ fa, 4>o) 
is sufficiently small, then 



(2.57) 



£ 2 ; 2 (r +i )+ / V^(f n+ %s)ds < M. 



(2) {/"} is Cauchy in £°°([0, T], L* >v ) and {V x (f) n } is Cauchy in L°°([0, T],L 2 X ). 

(3) There exists Ci > such that for < t < T : 



(2.58) 



£2-Af n+ )(t)+ / V 2 , l {f n+ '){ S )ds < C,£ 2; z(0). 
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(4) Assume (2) is valid. For m > 3, there exists an increasing continuous 
function P m .i with P m ,i(0) = such that for < t < T : 



(2.59) £ m -Af n+1 ) + I V m 4f n+1 )ds < P m .i{E ma {h)). 

Jo 

(5) {F n > 0}. 

Proof. For (|2.57[) . with Lemma [2.3[ the proof of part (1) of Lemma 11 in [TU] is 
still valid in our setting. 

Now we turn to part (2); with the continuity equation (|2.46p . we have 

(2.60) |iiv,(^ +i - <niii < iiv,(^ +i n/± +1 - mi 

Combinig (|2 .60[) with the estimates of the difference equation of part (2) of Lemma 
11 in [10] gives 

nr +1 - rim + - m + f nr +1 - rwl 

Jo 

<lJ*\\r-f n -X(s) 



+c / {iiv,^ 1 - m + iir +i - rwl + iir - r-'iil}- 

Jo 

with \/£2;2(/' 1 ) sufficiently small and e ±2c ^ sa 1, By taking T sufficiently small, we 
obtain 

max/ sup {\\r +1 -rm) + \\v x (r +1 -rm}, f \\r +1 - r\\l\ 

[o<t<T JO J 

<- [ sup {nr +i - rwl® + iiv x (^ +i - ni) + f T iir - /"" 

4 0<t<T Jo 



By iteration of n 

! u pJH/" +1 - /"Nl(*) + iiv,(^ +i - + [ T \\r +1 rwl < ^. 



0<t<T 

So {/"} and V ' x 4> n are Cauchy sequences in L°°(L 2 v ). 

The proof of part (3), (4) and (5) is the same as the corresponding proof in 
Lemma 11 in [10]. □ 

Similar to [10] , we summarize the local well-posedness as n — > oo. 

Theorem 2.5. Assume that £%.2{fo) * s sufficiently small. Then there exist < 
T < 1 anc? A/ > small such that there is a unique solution F = /i + ^/7*/ > wrf/i 

£2;2(/)(t)+ / T>2;2(f)(s)ds < £2,2(0 < M. 

Jo 

In general, if <t<T, there exists an increasing continuous function P m ,i(') with 
Pm,i{0) = such that 

W/)M+ / Vm;l(f)(s)ds < P m ,l(£m;l(fo))- 

Jo 
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3. Linear decay theory 
The linearized Vlasov-Poisson-Landau system for the perturbation takes the form 

(3.1) {d t + v ■ V x }/± T 2{£ • v}y/JI + L±f = g ± , 

(3.2) -Acb = J y/Jj\f + - f_]dv, 
where in the case of (11.71) the source term is of the form 



g± d 4 f TE ■ V„/± ± {E ■ v}f ± + r±(/, /). 
Again we recall the definition E = f — V x </>. 

3.1. Moment equations. In this section, we begin with the representation of 
the macroscopic projector P and then derive from the perturbed system some 
macroscopic balance laws and high-order moment equations. 

Given any f(t,x,v) = [/+,/_], one can write P/ in (|2.1[) and (|2.2[) using the 
expansion P/ = [P+/, P-/] as 

(3.3) P±/ = {o±(i, i) + &(t, s) • v + c(t, x)(\v\ 2 - 3)}/i 1/2 . 

Of course P is a projection from L 2 x L 2 to J\f, where the coefficient functions 
a±(t, x), b(t, x) = [bi(t, x), b2(t, x), bz(t, x)] and c(t, x) depend on f(t, x, v). 
Since the projection P is orthogonal we have 



ip(v) ■ {I — P}/ dv = 0, Vip= [ip + ,ip-] € Af. 
This together with the form (|3.3[) of P imply 

a± = (M 1/2 ,/±) = (M 1/2 ,P±/), 

6* = /+ + /-> = (^ 1/2 ,P±/>, 

c = ^<(M 2 - 3)M 1/2 , /+ + /-} = i((l«| 2 - 3) M 1/2 , P±/>. 

In the rest of this section we will derive the equations for these macroscopic variables 
and also the high-order moments as follows. 

First consider the linearized system with a non-homogeneous source g(t, x, v) = 
[g + , g_] as in p. II) and (|3.2j) . Taking velocity integrations of (|3.1[) with respect to 
the velocity moments 



V\ V 72 , 4=1.2,3, l^^sy/^ 



one has 

(3.4) d t a ± + V x ■ b + V, • (V /2 , {I± - P±}/> = (^ 1/2 , 9±) 
d t [h + {v^ 1 ' 2 , {I± - P±}/>] + di(a± + 2c) T 2Ei 

(3.5) +V, • (vv^/^iU -P±}/) = (vi» 1/2 ,g±-L ± f), 

1. 



ft 



c + ^<(M 2 -3) m 1/2 ,{i ± -p ± }/) 



3 V. • 6 



(3.6) +iv ;E • ((|H 2 - 3)V /2 , {I± - P±}/) = kM 2 - 3h 1/a ,9±-L ± f), 
6 6 
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where we have set I = I_] with I±f = f±. 

We next define the following high-order moment functions 0(/±) = (Oy(/±))3 X 3 
and A(/±) = (A 1 (/±),A 2 (/±), A 3 (/±)) by 

(3.7) e«(/ ± ) = ((v iVj 1)m 1/2 ,/±), A,(/ ± ) = l((Kf - 5)v if jV 2 ,f ± }. 

Further taking velocity integrations of (|3.ip with respect to the above high-order 
moments one has 

(3.8) d t [Qu({I± - P±}/) + 2c] + 28A = Q u (l± + g ± ), 

fte«({i± - p±}/) + d 3 b t + dibj + v x ■ (V /2 , {i± - p±}/> 

(3.9) =9ij(l±+9±) + (l* 1/a ,g±), 

(3.10) d t Ai({I± - P±}/) + d lC = Ai(i± + g±), 
where 

(3.11) l± = -v-V x {I±-~P±}f-L±f- 

Here we used the moment values of the normalized global Maxwellian //: 

(l,/i) = l, (h| 2 ,M) = l, (|«| 2 ,m)=3, 

(N 2 W 2 ,m) = 1, m, 

(K-| 4 ,/i) = 3, (H 2 |^| 2 , M ) = 5. 
Additionally to derive (|3.9j) we have used (|3.4j) . 

3.2. The linearized system with micro sources. In this section, we are con- 
cerned with time-decay properties of solutions to the Cauchy problem on the lin- 
earized Vlasov-Poisson-Landau system with microscopic sources. 

Consider the Cauchy problem on the linearized system with a microscopic source 
g = g(t, x, v) = [g + , gj\ as in (|3.1|1 and (|3.2[) . where g = {I— P}g and [fo, 4>o\ satisfies 
the equation (|3.2[) initially. 

For simplicity, we write 

U = [f,<f>], U = [fo,<t>a}. 
Formally, the solution to the Cauchy problem (|3.1|) and (|3.2[) is denoted by 

(3.12) U(t) = U I (t) + U II (t), 

(3.13) U T (t) = A(t)U , U 1 = [u 1 , 7 ], 

(3.14) U H (t)= f A(t-s)[ff(«),0,0]ds, U" = [u n ,<j> u ], 

Jo 

where A(t) is the linear solution operator for the Cauchy problem on the linearized 
homogeneous system corresponding to ()3.1[) and (|3.2[) with .g = 0. 

Notice that C/ // (t) is well-defined because [g(s),0,0] for any < s < t satisfies 
the compatibility condition (|3.15[) due to the fact that Pg(s) = and hence 

(3-15) / f i 1 / 2 [g + (s)-g-(s)]dv = 0. 



We introduce the norms || • ||^m, || • \\z l with m > 0, < £ I, and r > 1 given by 
for £/ = [/, </>], we set £| = and £ 2 = "H[J as usual. 



(3.16) \\U\W d = f |K/|| 2 ^ + ||V^||| m , ||C/|| 2 , d = f ' |K/j| z „ + ||V^|U 
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The main result of this section is stated as follows. 

Theorem 3.1. Let 1 < r < 2, I G R, and let m > 0. U is defined in (|3~T2"1) . (|3~T3l> 
and (|3 . 14[) as the solution to the Cauchy problem (|3.1j) . Lei av iTO &e given by 

(3.17) CTrro = _^___j + _. 
T7ien /or am/ j > 2av !m we obtain that 

(3.18) IIACfJtfollrtj, < (l + ^-^H^oll^n^, 
which will hold uniformly for any t > 0. 

3.2.1. yl time-frequency Lyapunov inequality. In this subsection, we shall construct 
the desired time-frequency Lyapunov functional as motioned before. The proof will 
be carried out along the similar line as in [5] , but additional efforts need to be made 
to take care of the weak dissipation of the electromagnetic field. 
Estimate on the micro dissipation 

The first step for the construction of the time-frequency Lyapunov functional is 
to obtain the micro dissipation on the basis of the coercivity property (|2.ip of L. 
Thus (EH])- ((321) also reads with q 1 = [+l,-l] 

dtf + v ■ V x f - 2E ■ vv 1/2 qi + Lf = g, 
—Acp = a+ — a_. 

Recall E = —V x (j). Notice that the continuity equation is also satisfied: 

(3.19) d t p + V x -j = 0, 
where 

P = J yMf+-f-]dv = a+-a_, j = J v^Jl[f + -f-}dv = ([«, -v}^ 2 , {I-P}/>. 

This follows by subtracting (|3.4p + from (|3.4I) _ and using (|3 . 1 5|) . 
Taking the Fourier transform in x gives 

f d t f + iv ■ kf - 2i$k • V /2 <7i + Lf = g, 

(3.20) i d t (a^a\^ + ik ■ j = 0, 

\k\ 2 (j) = a + — a_. 
Then equation (|3.20[h implies 

\d t \f\l + Re f (Lf | f)dv - Re(4 \k-3)=Re[ (g | f)dv. 

1 JR3 JR3 

We now observe from (|3T2"0> - (j3~2"uTh that 

^d t \a^a-\ 2 +Rc(ik-3 | \k\ 2 4>) = 0. 

Observe that |a+ — a_| 2 = |fc| 4 |0| 2 . Since Kc(ik ■ j \ $) — Ke(i(f> \ k ■ j), taking a 
summation of these two equalities gives 



\d t (\f\ 2 2 + 2|fc| 2 |0| 2 ) + Re f (Lf | f)dv = Re f (g \ f)dv. 

1 v ' Jul 3 Jr 3 

, one has 

(3.21) 9 t (|/| 2 + 2|fc| 2 |0| 2 )+A|{I-P}/| 2 <Rc/ (g\f)dv, 

K ' JR 3 



2 

^From (|2.ip . one has 
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for a properly small constant < A < Ao- 

Here, we remark that equation ()3.21j) is the main estimate for the construction 
of the time- frequency Lyapunov functional £(t,k). However, notice that for this 
time, the macroscopic part P/ and E are not included in the dissipation rate of 

gap . 

Next, based on the macroscopic balance laws and high-order moment equation 
obtained in Section 13. H we shall introduce some interactive functional to capture 
the rest of the dissipation rate related to P/ and E. 

Weighted energy estimates 
In this section our first goal is to prove the following instantaneous Lyapunov in- 
equality with a velocity weight I £ K: 

(3.22) j t \w t {l - P}/(t, k)\\ + A|{I - P}f(t, k)\l A 

< \k\ 2 \f\Vi + \{l P}f\h {Bc} + |fcH0| 2 + | MI P}9, {I - P}/) 

To this end, we now split the solution / to equation (|3.20[h into / = P/ + {I — P}/ 
and then apply {I — P} to the resulting equation: 

d t {I - P}/ + iv ■ k{I - P}f - {I - P} (2z# • iy* 1/2 <&) + L{I - P}/ 

= {I - P}g - {I - P}(iv • kPf) + P(iv ■ k{I - P}/). 
Multiply the last equation by wk {I — P}/ and integrate in v to obtain 

(3.23) ~\w t {I - P}f(t, k)\l + Rc(w 2e L{I - P}f, {I - P}/) = Ti + T 2 + T 3 , 
where I\ = Rc(w 2£ {I - P}g, {I - P}/) and 

T 2 = -Re ({I - P}{iv ■ kPf),w 2e {I - P}f 

+ Re (P(iv ■ k{I - P}/), w 2l {l - P}f 

We furthermore define 

r 3 = Re ({I - P} (24k ■ V /2 9i) , - P}/ 



We will estimate each of the three terms in (|3.23[) . 

As a result of the rapid decay in the coefficients of (|3.3[) we obtain 



|r 2 | < 77|{i - p}/|^ + c v \k\* [\w-iii - P}f\ 2 2 + \Pf\t 

which holds for any small 77 > and any large j > 0. Similarly 

iTslKvlw^I-Pjflj + C.lkl 2 ^ 2 
For the linear estimate, we invoke Lemma 9 in |23j to achieve the coercive bound 

Rc(w 2i L{I ~ P}/, {I ~ P}/> > A|{I - P}f\li - C\{I - P}f\h [Bc y 

We plug these last few estimates into (|3.23[) to obtain (|3.22|) . 

We furthermore remark, following the same procedure as above, that we get 

(3.24) lj t \^f(t, k)\ 2 2 + A|/(i, k)\l tl < |/|| 2(Bc) + \k\ 2 \4>\ 2 + \(w 2( g, f) 
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In other words, if we multiply (|3.20[h by u>2if(t, k), integrate in v and use the same 
estimates as in the last case it follows that we obtain (|3.24|) . 
Estimate on the macro dissipation 

Let us apply those computations in Section [3. II Taking the mean value of every 
two equations with ± sign for (|3.4[) . (|3.5j) . (|3.6I) and noticing Pg = 0, one has 



' f a + + a- 



(3.25) 



V 2 



V, • b = 0, 



\ i 3 

2c +-5>e JJ ({i-p}/.[i,i]) = o, 



for 1 < % < 3, 

where moment functions O(-) and A(-) are defined in (|3.7[) . and we used the 
following facts 

(M 1/2 ,5±) = (([l,0] + [0,l]V 1 / 2 , 5 )=0, 
(v, l ^ 2 ,g+ + <?_) = ([v u v^ 1 / 2 , g) = 0, 1 < i < 3, 

(i(M 2 - i)^\g + + .9-) = <[M 2 , M V /2 ,.9> = 0, 

due to Pg = and likewise for Lf = [L + f,L_f] due to PLf = 0. Similarly, it 
follows from (jXHJ), fl3U) and (J3~TU1) that 



(3.26) 



dt 



e«({i-p}/.[i,i] 



2c5i 



1 



+<9 ! ;fe J + djbi = + 1-) + (9+ + .9-)), 

^d t A, t ({I - P}/ • [1, 1]) + d lC = ^Ai((l + + l_) + (g + + g_)), 



for 1 < i, j < 3, where l± is still defined in (|3.11[) . and 5%j denotes as usual the 
Kronecker delta. 

Lemma 3.2. There is a time- frequency functional £^ (t, k) defined by 

3 1 

(ihbj + ikjbi | -6 y -({I - P}f • [1, 1]) + 2c6ij) 

i,j = l 



(3.27) 



l + \k\ 2 



1 



with two properly chosen constants < K2 *C Hi <C 1 such that 

X\k\ 2 



(3.28) d t Re£^(t,k) 



l+|fc| 2 

holds for any t > and k g R 3 and to > 



|a+ + a_| 2 + |&r + |c|- 



< 



|{I-P}/ll 
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Proof. The proof can be found in Lemma 4.1 of 0]. Although Lemma 4.1 in [3] 
studies the pure Boltzmann equation without force terms our case is directly similar. 
It follows from (|3.25[) and (|3.26[) . which are otherwise not used following. □ 

In order to further obtain the dissipation rate related to a± from the formula 

ii ,2 , 1 5 ,2 \a^a-\ 2 , h+^-l 2 



we need to consider the dissipation of a+ — a_. For that, taking difference of two 
equations with ± sign for (|3.4[) . (|3.5[) and also noticing Pg = which implies 
(/^ 1 / 2 ,(7±) = 0, one has 

(3.29) d t (a+-a-)+V x ■ j = 0, 

(3.30) d t j + V x (a + - o_) - 4£ + V, ■ 6({I - P}/ ■ gi ) 

= ([v 1 -v]^\g-L{l-P}f). 

Note that here and hereafter (V x • ©) 3 (•) = c^Oy'(-). Together with 

(3.31) -A0 = a+-a_, 
one has the following lemma. 

Lemma 3.3. For any t > and k £ M. 3 , it holds uniformly that 
d t Re(j | ik(a + — a_)) 



(3.32) 



+ A|a + -a_| 2 <|{I-P}/|£_ 



\9\l 



(3.33) 



+ 

This inequality will be true for any m > 0. 

Proof. In fact, taking the Fourier transform in x for (|3.29l) . (I3.30[) and (13.311) gives 
d t (a+ — a-) + ik ■ j = 0, 

dtj + ik{a~^~a_) - AE + ik ■ 0({I - P}/ • 9l ) 

= ([ V ,- U ] A1 1 / 2 ,.9-L{I-P}/), 

k |fc| 2 = a+ — a_. 
On one hand, notice from (|3.33[i ^t (where recall E = —ike/)) that 

(ik(a^^a-) -4E \ ik(a~^~a_)) = (|fc| 2 + 4)|a^~^_ | 2 . 
On the other hand, it follows from (|3.33[> 9 that 

(ifc(a+ — a_) — 4E 1 | ik(a + — a-)) 

= - ik ■ 6({I - P}/ • 9l )+<[«, -% 1/2 , 5 - L{I - P}/) | *fc(a^_)) 

= -d t (j | ifc(a + - a_)) + (j \ ikd t (a + - a_)) 

- fife • 9({I - P}/ • -% 1/2 ,.g - L{I - P}/) | »fc(a^_)) . 
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Combining the above two equations and using ()3.33j) 1 , one has 

dt{j | ik(a~^~a-)) + {A+\k\ 2 ) \a^a-\ 2 

= Q | ft ft ■ j) 

ik ■ 9({I - P}/ • gi )-([v, -v]^ 2 ,g - L{\ - P}/) | ik(a^a- 
It follows using Cauchy's inequality that 

d t Rc(j | ifc(a^a-)) + A(l + |ft| 2 )|a^^_| 2 

< |fc • 5f + C\k ■ 9({I - P}/ • 9i)| 2 +C|([«, -«]m 1/2 ,3>| 2 
+C|([t;,- W ] / i 1 /2 ii{I _p } / ) |2 

< (1 + |/c| 2 )|{I - P}/H,_ m + l^ll,-^- 
Notice further that from (|3.3ip . the dissipation rate in (|3.32l) can be rewritten as 

(3.34) |a^_| 2 = |ft| 4 |0| 2 . 

Then (|3.32f> holds by further dividing the previous inequality by 1 + |fc| 2 . □ 

Derivation of the time-frequency Lyapunov inequality 

Now, we are in a position to prove 

Theorem 3.4. Let U = [/, (f>\ be the solution to the Cauchy problem ()3.1|) and 
(|3.2p with g = 0. Then for I € R there is a time-frequency functional £i(t, ft) such 
that 

(3.35) E i (t,k)n \\wJWl + |ft| 2 H 2 , 
such that for any t > and ft € M 3 we uniformly have 

(3.36) d t £*(i,ft) + A(lA|fc| 2 )^_i(t,fc) <0. 

^46cwe we use i/ie notation 1 A |fc| 2 = min{l, |fc| 2 }. 
Proof. We initially consider the case when £ = 0. Let 

(3.37) £b(*, *) = I/I2 + 2|ft| 2 H 2 + «3He(^(t, ft) + ft)), 

for a constant k 3 > to be determined later, where f/^t (i, ft) is given by (|3.27p and 
^in t (ij &) is denoted by 

One can then fix K3 > small enough such that f|3 . 35[) holds true for I = 0. The 
rest is to check (|3.36[) . In fact, the linear combination of (|3.2ip . (|3.28p . Q3.32p and 
(|3.34p according to the definition (|3.3T[) implies 

d t S (t, k) + A|{I - P}/| 2 + (|a ± | 2 + |6| 2 + |c| 2 + |fc| 2 |0| 2 ) < 0, 

that is 

(3.39) d t £ a (t, ft) + A|{I - P}/| 2 + (lP/1^! + |ft| 2 |0| 2 ) < 0, 
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since one has 



\a ± \ 2 + \b\ 2 + \c\ 2 ~\Pf\l_ v 




> i , and 



Collecting these facts, then (|3.36[) follows in the case £ = 0. 

To do the weighted estimates (when ^ £ £ R), we use the energy splitting from 
PI] as follows. With (1X77)) we define 



where K4,k 5 > will be determined just below. Here 1a is the usual indicator 
function of the set A. 

Now when |fc| < 1, we choose K4 > sufficiently small so that from (|3.36[) (with 
£ = 0) and (pT22|) (with 3 = 0) and ([335|1 one has (pPrJj) (when ^ £ £ R) when 
\k\ < 1 and dt£i(t, k) is replaced by dt£g(t, k). 

Similarly when |fc| > 1, we choose K5 > sufficiently small so that adding (|3.36D 
(with £ = 0) to (|3^24| (with g = 0) one has (f3T36|) (when O^fel) when \k\ > 1 
and dt£i(t,k) is replaced by dt£j(t,k). 

Adding the two inequalities derived in the previous two paragraphs yields (|3.36|) 
(when O^el). □ 

3.2.2. Proof of time-decay of linear solutions. The proof of time decay of linear 
solutions is now obtained using the interpolation argument as in Section 2.3 of [19] 
and the energy inequalities in (|3.36p . We omit it, since it is the same as in [H)] . 



In this section we prove a collection of non-linear energy inequalities for the local 
solution which was constructed in Section [2] These energy inequalities will be used 
later on in Section [5] to prove that the solutions are in fact global in time. 

Notice that in this section we use J g to mean J R3 dx g if g = g(x) and alterna- 
tively it means / ffi3 dv J R3 dx g when g = g{x,v). 



Lemma 4.1. Let fo £ C^°(R^ x R^) and assume f is the solution constructed in 
Theorem \2. 51 with £2:2 (/) < M. Then 



Proof. We use (|1.7p and also the continuity equation, e.g. (|3.19p . to obtain 




4. Non-linear energy inequalities 



(4.1) 





± 
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For J E± f±(±{E ' v }f±)> we use the macro-micro decomposition to get 

< \\Pf\\ LlL eJ\E\\ L2 Jvf\\ LlL * 

< ||V X P/|U» £ ;PIU S (\\vf\\ LiL * + || \v\ V x /||^ £| ) 

< V4a(/) (IIV^III + IIV.P/HI), 
and using (|2.3p and then (|2.6p we have 

y£{i-p}/±(±{js 

<IK«)- 1/a {I-P}/IU»L»l|S|| L»||(«) 3/2 /IU;Li 



< ii{i-p}/iu (iiv^iu, + nv^iuj) v^a) 

< ||{I - P}/|| CT (\\E\\ Ll + ||V X P/|| 2 ) yfg^J) 

< yJizM (||{i - P}/|| 2 + ||v^|| 2 + ||V X P/||) . 

For / E± /±r±(/, /) = / E± ({I - P}±/) r ±(/> /). w « use the well-known ex- 
pansion 

(4.2) r(/, /) = r(p/, p/) + r({i - p}/, p/) + r(/, {i - P}/). 

Recall (|3.3[) . we have 



y^({i-P}±/)r ± (p/,p/) 



± 

<|||a| 2 + |6| 2 + |c| 2 || L ,||{I-P}/|U 
<|||a| + |6| + |c||U|||a| + |6| + | C ||U3||{I-P}/|| c 



< 



HIV^I + IV^I + |V X C||| L J V f 2; 2 (/)||{I- P}/|| 



< V42(/)(I|{i-p}/II^ + I|v x p/||1). 

For / E± ({I - P}±/) r±({I - P}/, P/), from Proposition [£2J we have 

/^({I-P} ± /)r±({I-P}/,P/) 

J ± 

<||{I-P}/IU|{I-P}/|| £ » i2 ||P/IU.L» 



< V^2(/)(||{I-P}/||^ + ||V X P/||1). 

Finally for / E± ({I - P}±/) r±(/, {I - P}/), from Proposition O we have 



|^({I-P} ± /)r ± (/,{I-P}/) 



^IKi-Pl/ll.ll/IU^IKi-Pj/II^V^^IKi-P}/!^. 

This completes the proof of (|4.1[) . □ 
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Lemma 4.2. Let fa G C£°(K X x K^) and assume f is the solution constructed in 
Theorem \2.5\ with £2:2 (/) < -W- For any K > 2, and for 1 < \a\ < X, we /tawe 



dt 



E 



e ±2< ^(9 a / ± ) 2 



|v<9° 



(Ld a f,d a f) 



(4-3) < W \<kWf±? + \l£K*{f) f E ll^'/lfc + llV*^) 



For |a| = to > 3 and I > m, we have for any i] > 0, 
e ±2< ^(<9 a / ± ) 2 



di 



E 



(Ld a f,d a f) 



<E/ \Ud a f±? + \[^M)( K j \d a f±\l + \\V 



r\\2 



v E ii 9Q '/n' 



(4.4) +C m ,,[D 2;2 (/)L;l(/)+{l+L-l;l(/)P m -l;l(/)]. 

Proof. By (II. 7p and the continuity equation (|3TT9]) , we have 



d_ 
dt 



E 



e ±2 <t>(d a f ± f 



|V<9° 



(Ld a f, d a f) 



(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 
(4.10) 



£ / e^Ut(d a f±) 2 

+2^ / e ±2 *V a 3^iV/I3 Q /±(e ±2 *-l) 
+ E / ( X - z ±U )d a f±L±8 a f 

+ E / e ±2 ^ Q /±a Q r±(/,/) 

+ E C ^ f e ±2,p d a f±d a - ai V x 0- V v d ai f ± 

±,oi<a 

E Ca 1 J e±2<t> d a f±d a - ai \7 x (l)-vd ai f ± . 



±,Ql <o 



We have |1 - e ±<#, | < H^U < v/£ 2;2 (/) < v^- We observe that 

(4.11) | e ±2 Ut{d a f±? < J \<t>tWf±)\ 

(4.12^ e ±2 *V x 9^ • ^ Q /±(e ±2 ^ - 1) < ^(Z) (l|V x a>|| 2 + ||3«/|| 2 ) . 

By Lemma 5 of [TT], we have 



(4-13) 63} < V^;2(/)P a /||^. 

Now the rest of the proof for (|4.4j) is the same as the proof of Lemma 14 in [TP] , 
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Now we focus on the proof of ([473]) . We first deal with (|49|) and (|4.10p . We have 
(1491) + (14101) 

(4.14) < y |9 Q /±|a|a Q - Ql V^||(i;) 3 / 2 9 Ql / ± |2dx. 

When |a| = 1 and a\ — 0, we place d a V x (j> in and place the other two terms 
in 6H in LlLl Since H^V^U < ||V^||| + ||V^||| < \\V x f\\l + \\V 2 J\\l, 
we have the desired estimate in this case. 

When \at\ = 2 and ot\ = 0, we place the three factors in the expression of (|4.14|) 
in L 2 L 2 , L\ and L^.L 2 V respectively. This gives us the desired estimate in this case. 

When \a\ = 2 and |ai| > 1, we place the three factors in the expression of (|4.14|) 
in L^L%, and L 2 L 2 respectively. This gives us the desired estimate in this case. 

When \a\ > 3 and ai = 0, we place the three factors in the expression of (|4.14[) 
in L 2 L 2 , L\ and L^L 2 respectively. This gives us the desired estimate in this case. 

When |a| > 3 and K > \a.\\ > 1, we place the three factors in the expression of 
(|4 . 14[) in L 2 Ll, and L 2 L 2 respectively. This gives us the desired estimate in 
this case. 

Now we turn to the estimate of (|4.8[) . We use (|4.2p again. Recall p.3[) , we have 
f ({i - P}±d a f) d a T ± (Pf, P/) 

< E II \d a - ai [a,b,c}\ \d^[a,b,c]\ \\ L% ||{I - P}d a f\\„. 

Qi<ft 

When ai = a. we place d a ~ ai [a, b, c] in and place d ai [a, fr, c] in L^. Since 



\\[a,b,c]\\L~<^/£2M 

and 

||fl a [a,6,c]|| L j<||a a /|| <r) 

we have the desired estimate. 

When 1 < \a — cti\ < K — 1, we place d a ~ ai [a,b,c] in L 3 and place d ai [a, b, c] 



\\d a -<*i[a,b,c}\\ Ll <yf£ K . K (f), 

and 

\\d^[a,b,c]\\ L e< E H^'/IU 

|a'|=|ai|+l 

we have the desired estimate. 

When ai = 0, we place d a ~ ai [a,b,c] in L 2 and place d ai [a, b, c] in L!^ . This is 
the same as the first case. So we have the desired estimate. 

For JE±(^ Q { I - p }±/)5 a r ± ({I-P}/,P/), from Proposition E2 we have 

/ E (a Q {i - P}±/) d a T ± ({I - P}/, P/) 
^ ± 

<lia Q {i-p}.fiun \d a ^{i-p}f\ Ll \d a ^f\ Ll [Us- 

When ai = a, we place d a ~ ai {I — P}/ in and place <9 Ql P / in i 2 . Since 



[I-P}/|i»|U ? < V^; 2 (/), 
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and || |<9 q P/|l2 H^a < ||d Q /||er, we have the desired estimate. 

When 1 < |a-ai| < K-l, we place d a ~ ai {I-P}f in L z x and place d ai Pf in 
Lt Since 



II \d a -^{i-p}f\ Ll lUj <v^(/). 

and || |<9 ai P/| L 2 || L e < Z)| a '|=|ai|+x H^'/IU, wc have the desired estimate. 
When ai = 0, we place d a ~ ai {I - P}/ in L£ and place <9 Ql P/ in Lf. Since 



|| |a Q {I-P}/| L , |Uj < yJ£ K ;K(f)> 

and || |P/|l 2 ^ ||V X P/|| 2 + ||V^P/|| 2 , we have the desired estimate. 

Finally for / £ ± I 9 "! 1 ~ p }±/) d a T±(f, {I - P}/), from Proposition O we 
have 

/ £ - P}±/9 a r ± (/, {i - p}/) 
< \\d a {i-P}fU\\d a - a ^f\ L2 jd^{i-P}f\ a \\ Ll . 

When oti = a, we place d a ~ ai / in and place d ai {I — P}f in L|. Since 

lll/MU- <\l£K;K{f), 

and |||<9"{I- P}/|<r||ig < P Q {I - P}/||<7, we have the desired estimate. 

When 1 < |ai| < K— 1, we place d a ~ ai f in L% and place d Ql {I - P}f in L*. 
Since 



\\\d a - ai f\Li\\Li < yJSK-Mf), 

and |||9 Q1 {I - P}/U| L 4 < Ei<|o'|<k ll^'i 1 - P 1/IU we have the desired esti " 
mate. 

When ai = 0, we place d a ~ ai / in L 2 X and place d ai {I - P}f in Lf. Since 



\\\d a f\Li\\ L i < y/SicMf), 

and |||{I — P}/|o-||i« ^J2i<\ a '\<K\\d a P}/IIct, we have the desired estimate. 
This completes the proof of (|4.3[) . □ 



Lemma 4.3. Let fo G C£°(M%. x K^) and assume f is the solution constructed in 
Theorem \2. 51 with £2-2(f) < M. Tften 



(4.15) 



E 



({i-p}/±) 2 



< V^ ;2 (/) (l|{i - p}/\\i + nv x {i - p}/|£ + iiv^m + ||v s p/||1) 

+ 77IKX - P}/|| 2 ff + O v (||V X P/||1 + ||V X {I - P}/|£) 

Above, r\ > may &e any small number. 



THE VLASOV-POISSON-LANDAU SYSTEM IN 



29 



Proof. By (| 1.7)1 and the continuity equation ()3.19)) . we have 
({I-P}/±) 2 



d_ 

dt 



E 



(£/,/> 



= / E* 1 - ^-M 1 - p > • + r ±(^ /) - « • v -/± t s • v„/±) 

For / E± ({I - P}/±) {I - P}(±{^ • w}/±), we have 

J^{I-P}f ± {I-P}(±{E.v}f ± ) 

<^|(,)^ { I-P} W±) pj 1 

Y/l>>- 1/a {i-p}/:* 



\ 2 + \\E\\h 



(4.16) < yJS 2;2 (f) (||{I - P}f\\l + \\S7^\\l + HV.P/ll) . 

In the last line above we have used (12.31) and (12.61) as in 



ll^lli- < IIVx^lll, + IIV^Hi; < l^llij + HV^Ili; < IIV^Hl + ||V X P/||I. 

For / X) ± {I - P}/±{I - P}(r±(/, /)), the estimate is in the proof of LemmaO) 
For / £±{I - P}/±{I - P}(v • V a /±), we have 

| ^{I-P}/ ± {I-P}(^VJ ± ) 

= / Ei 1 - p^-^i 1 - p ^ • v - p /±) 

+ /Ei 1 - p}^^ 1 - p >( u • v ^ - p >/±) 
= /Ei 1 - Pi/ii 1 - p }( w • v * p /±) 

(4-17) -|^{I-P}/ ± P( V -V x {I-P}/ ± ). 

We give bounds for the two terms above. For the first term in (|4.17[) . we have 
J £{I - P}/±{I - P}(v ■ V,P/±) 

^^/EI^-p}^^)" 172 ! 2 



(4.18) 



<i77||{I-P}/|£ + ^||V X P/||1. 
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For the second term in (|4.17[) . we have 

f x;{i-p}/±p(«-v a {i-p}/±) 

j ± 

S^/EKi-p}/^)- 1 ' 2 ! 8 

/ E k«) 1/2 p(« • Vx{i - p}/±)i 5 



We finally turn to / £ ± {I - P}/±{I - P} (=F-E ■ V v f±) ■ We have 
f ^{I-P}/±{I-P}(^-VJ±) 

^(/ek-) i/2 (^- v «/±)i 2 ) 7 

■f/Ei^-^-p^+i^i 
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(4.20) < ^(Z) (||{I - P}f\\l + ||V a 0||l + ||V x P/||i) . 

Combining gUJ), gUJ), (|4TT9|l . (14^0)) and the estimate of /£±{I ~ p }/±{! ~ 
P}(r±(/, /)) in the proof of Lemma I4TT1 gives (|4.15p . This completes of proof. □ 

Lemma |4. 11 14.21 and 14.31 deal with pure energy inequalities without weight. Now 
we turn to energy inequalities with a weight. 

Lemma 4.4. Let /o G C%°(M%. x R^) and assume f is the solution constructed in 
Theorem\K^with £ 2; 2(/) < M. For any K > 2, and for 1 < \a\ < K, w(a,0) = 

(v)2(.K-\ a \-\f)\) ^ we hav( , 
± ^ 

(4.21) +r/P Q /||^+C 1) ||5 a /||2 +?? ||V^||2, 
where r\ > can oe arbitrary small. 

Proof. We are going to use the computations in (|2.34[) through (|2.44[) . The dif- 
ference here is that we have = /" = /, so we don't have (|2.43p and (12.441) . 
Moreover since we don't have a derivative with respect to the momentum variable 
v, we don't have ([235]) . For (|234|) . (pl38|) and (pOD]) . we use the estimates ([2~49]l . 
(f2T53|) and (|2~48|) . Now wc turn to (pOS]) and (|237| . From the proof of Lemma 8 
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in [10], we have 

(4.22) - J w 2 d a f±d a ~ a ^ x ■ W v d a 'f ± 

v{v)-^ 2 d a f±d a - ai V x (t>- {v)- 2[lal - lai ^- 1] w(a 1 ,0){v)- 3 / 2 Vvd ai f ± \ 



< 



< 



\d a f±\ a . w \d a - a ^A\\d ai f±\ <J ^.Q) dx, 

( „)2[|o,|-| ai |-l] 



and 



I J w 2 d a f ± d a - ai V x (t>-vd ai f±]\ 
< J \ W (v)-V 2 d"f ± d*-^ x 4> ■ {v ™^ hl] (v)-*ff»f±\ 

<c m [ \d a f±\ tTMafi) \d a - a iy x <i>\\d a -f±\ a rt „ ,,) 

j * (^) 2 U"i-i Q ii- 1 ) 

When |ai| > 1, we just use the estimates given in the proof of Lemma 8 in [TP] . 
When ai = 0, we split V„/± into V v Pf± + V„{I - P}/± and split /± into P/± + 
{I — P}/±. For the terms involving V^jl — P}/± and {I — P}/±, we use the same 
technique as in the proof of Lemma 8 in [TU] . All these estimates don't involve the 



term HP/Ho- so they are boumded by y E K,K{f)T^K,K(f)- The remaining terms 
to be estimated are 

J \w(v)-^ 2 d a f ± d a ~ ai V x ^-(v)- 2 ^-\ a ^w(a u 0)(v)- 3 / 2 V v d ai Pf ± \ 

and / \w(v)-V 2 d a f±d a ~ a ^ x <p ■ (v) %%!{%^ (v)~^Pf ± \. 

We place w(v)~ 1 / 2 d a f± and d a ~ ai V x 4> in L 2 L 2 and L x respectively. We then 
place 

(v)- 2 ^-^-^w( ai ,0)(v)- 3 / 2 \7 v d ai Pf ± 

and 

w(cti,0) 



(u)2[|a|-|oi|-l] 

in L 2 L X . With (|2.4j) . we have the estimate 



v)-id ai Pf± 



(4.23) + < \J£K,K{f)V K ,K{f)- 

Now we turn to f|2 . 39|) . By Lemma 8 in [22], we have 



(4-24) (E3H) < ^£ 2 Af)VK.K(f). 

Next we turn to (|2.4ip . Again by Lemma 8 in [52], we have 

(4-25) &m<v\\d a f\\l, w + C v \\d a f\\l. 

Finally we turn to (|2.42[) . By Proposition 12.21 we have 

(4.26) dHi</ ^\d a 'f\ 2M0 , 0) -i\d a - ai f\*, w \d a f\a, w dx. 

3 ai <a 

Whcn|ai| < |a|-2, we place |9 Ql /| 2 ^ (0j0 )-i, \d a ~ ai f\ a , w and \d a f\ atW in spaces 
L£°, L 2 and L 2 respectively. 
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When | ai | = |qs[ — 1, we place \d ai f\2 W co,o)- 1 : \d a ai f\a,w and \d a f\ a , w in spaces 
L A X , L\ and L\ respectively. 

WhenKI = \a\, we split d a ~ ai f into d a - ai Pf + d a - ai {I-P}f. For<9"- Ql {I- 
P}/, we place 1^ f\ 2tV>m -x, |c> Q - Ql {I - P}f\ a>w and \d a f\ a , w in spaces L%, Lf 
and L 2 , respectively. For d a ~ ai Pf, wc realize that 



and \d a ~^Pf\^ w < \d a -^Pf\ 2 . So we still place \d a ^ f\ 2Mm -i, \d a -^Pf\ a , 



and \d a f\ a , w in spaces L 2 , U£ and L 2 respectively. These estimates give 



Lemma 4.5. Assume fo <E C^°(K^ x Rf,) and assume f is the solution constructed 
in Theorem\KR with £ 2 -M) < M - For an V K > 2 > w ( a >P) = (i>) 2 ( K -l Q H/3|) ; 
|a| + < K with \a\ < K - 1 we have 



(4.27) 




Combing the estimates given above completes the proof of this lemma. 



□ 



e ±2 V(^{I-P}/±) 2 



+ ||d2{I-P}/|| 2 



2 




I 



+ £ K , K (f)VKMf) + r)V K , K {f) + V\ a \ +w _ hK (f) 

+ ?? ll^{i-p}/ ± ||^ u + c t ,||vL Q ' +1 /±^ + ^||a Q v^||2, 



where 77 > can oe arbitrarily small. 



Proof. By (|1.7[) . we have using the macro-micro decomposition that 



(4.29) 



dt{I - P}/± + v ■ V X {I - P}/± ± E ■ V„{I - P}/± 

+{i-p}(t2{s- v }Vm) 
-i±/±{£?.«Hi-P}/± + r±(/,/) 

■ P(«/±) ± {£ • v}Pf ± - v ■ V K P/± + P(« • VJ±) 
T-E- V„P/±±£-P(V„/±). 



So we have 
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d f f e ±2 * W 2 (3£{I-P}/±) 2 1 r , 

(4.30) - I J ^1 U±L. | - y ( W 2 9^{I - P}/, - P}/ ± ) 

(4.31) = - | e ±2 * W 2 ^a;+ e e ;{I - P}/±^{I - P}/± 

(4.32) ± c « J e ± Va;{i-p}/±r'"v,fv^ 1 {i-P}/± 

Ql<Q ^ 

(4.33) T ^ J e ±2 V^{I-P}/ ± a Q - ai V^-^H Ql {I-P}/ ± ] 

(4-34) T / [ 2(f ^j^ V^ ■ v - Me ±2 *w 2 mi - P}/ ± ) 2 

(4.35) +C 

where C in (|4.35|) is given by 

(4.36) C = J w 2 {e ±2 * - 1)B%{1 - V}f±&$A{l - P}/± 

(4.37) +2 J w 2 e ±2 *d<${\ - P}/±0| {I - P}(t{£ ■ «}Vm) 

(4.38) + J w 2 e ±2 *d<$K±{l - P}/±^{I - P}/± 

(4.39) + J w 2 e ±2 *d$T ± (f, f)d${\ - P}/± 
T ^ J{e*+v?d${l--p}f±aP- a ^ x <l> 



a.i <a 



(4.40) ■^[^ 1 P/ ± -P(u9« 1 /±)]} 

± E C ^ /{e ±2 ^ 2 <9|{I-P}/±a Q - Ql V^ 

ai<a J 

(4.41) -[V^^P/i-^P^/i)]} 

(4.42) + J e ±2 *w 2 d%{I - P}/±5|[P(u ■ V x /±) - w • V,P/±]. 
Above 

51* = 1 if ej < /?; or <J|* = 0, otherwise. 

Now for (|4.30[) through (|4.39[) , we can use the estimates given in the proof of Lemma 
12.31 Note that we have 

V K>K {{l-V}f)<V K , K {f). 

For ()4.40j) and f|4.41[) . we have two cases. 
When \ai \ > 1, we have 

||<t>>- a ^{i-p}/±IU» £ » < ||a^{i-p}/ ± ||^, 

\\d a - a ^ x 4>\\ LS > < y/£ K ,K(f), 
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and 

\\w(v) 2 d [vd^Pf ± - P(vd ai f ± )]\\ LlLl 

+IK«»[v„^p/ ± - d^p(v v f±)]\\ L 2 Ll 

< \Jv K , K (f). 

When ai =0, we have 

P a - Q1 V^|| L 3 < y/s KtK [f), 

and 

\\w(v) 2 dp[vd ai Pf ± - P(vd a > f±)]\\ L 2 L e 

+ \\w(v) 2 dp[W v d^Pf ± - d^P(V v f±)]\\ L 2 L e 

< ||V X P/|| CT> „, 

< \jv K , K {f), 

where we have used (|2. 41) . These give the estimate of (|4.40l) and (|4.4ip . 
We finally turn to (|4TI2"]) . We have 

\\{v)- 2 wdf 3 {l-P}f ± \\ L 2 L 2 < \\d%{I-P}f ± \\ a , w , 

and 

\\w{v) 2 d a p [P{v ■ V x /±) - v ■ V x P/±]|| i?i 2 < ||vL Q i +1 /±ll.- 

The above bounds give the desired estimate of (|4.42[) . Combining the estimates of 
(14.301) through (|4.42[) completes the proof of this lemma. □ 

The next three lemmas allow us to include more terms into our dissipation in 
our energy inequality. So in our final energy inequality, we can absorb many terms 
in the bounds of the lemmas already given in this section. Recall that 

(4.43) {d t + v ■ V x }/± T 2{E ■ v}^I+L ± f = N±(f), 
where 

N±(f) = =F-E • V„/± ± {E ■ w}/± + r±(/, /). 
The following lemma enables us to include the term ||V X (/>||2 in our dissipation. 

Lemma 4.6. Let /o S C^°(^ x x K?) an d assume f is the solution constructed in 
Theorem \2. 5\ with S^flif) < M. Then we have 

j t J~{[v, -«]M 1/2 , {I - P}/> • Edx + X\\E\\ 2 

(4.44) ^iKi-pj/ii^ + iiv./llJ + lKb,-^ 172 ,^^),^^)])!^, 

for some positive X. 
Proof. By (|3.5j) . we have 

dt[bi + (v lf i 1/2 , {I± - P±}/>] + di(a± + 2c) t 2Ei 

(4.45) +V X • (OT iM 1/2 ,{I±-P±}/) = («^ 1/2 ,iV ± (/)-i±/>- 
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We take the difference between the above equation involving /+ and the above 
equation involving /_. We use the vector form for v = [vi,V2,vs]. Thus 

d t ([v, -v}^ 2 , {I - P}/) + W x (a + - o_) - 4E 

(4.46) +V, ■ 0({I - P}/ ■ [1, -1]) = ([«, -v]^ 2 ,N(f)}. 

Here N(f) = [N+(f), iV_(/)]. Now we take the dot product of with £ and 

integrate with respect to x: 



(4.47) 
Notice that 



j t J -<[«,-4« 1/2 ,{I-P}/>- Edx + A\\E\\l 

J V x (a+ - a-) -Edx + Jv x - 6({I - P}/ ■ [1, -1]) • Edx 

([v, -v]^l\N(f)) -Edx- f ([v, -v}^ 2 , {I - P}/) • d t Edx. 



Jv x (a+-a-)-Edx + J V x ■ 6({I - P}/ • [1, -1]) • Edx 
([v,-v)^ 2 ,N(f))-Edx\ 



(4.48) < V \\E\\ 2 +CJV x f\\l + C v \\([v,-vW /2 ,N(f))\\ 2 L ,. 

For the last term in ()4.47j) . we use the continuity equation (|3.19|) . Observe that 



(4.49) 



J ([v, -v}^ 2 , {I - P}/) • d t Edx\ < ||{I - P}/||2 . 



combining (|4.47|) . (|4.48|1 and (|4.49|) gives (|4.44|) . This completes the proof. □ 

Next wc want to include the term ||V K P/||2 in our dissipation. Now we redo 
with g± = N± and get 



di 



(^±^)+V..6 = i<A*V a ,j V+ + jv_ >> 



d t bi + di 



a + + a- 



2c) ^ -P}/- [1,1]) 



(4.50) < 



: (v t n 1/2 ,N + + N_), 



1 5 3 

d t c + -V, • 6 + - £ ^({1 - P}/ • [1, 1] 



for 1 < i < 3. 

Wc then redo (|3~25|1 with g± = N± and get 

1 



(4.51) 



di 



-6 ii ({I-P}/-[l,l]) + 2c5 ij . 



l((b| 2 -3) M 1 / 2 ,iV + + 7V_), 



dibj + djbi 



= l®ij((h + 1-) + (N+ + N-)) + ^5 ij (^ 2 ,N + + N-), 
\d t ki{{l - P}/ • [1, 1]) + d iC = + 1-) + (N + + N-)), 



for 1 < i,j < 3. 



:S6 



R. M. STRAIN AND K. ZHU 



We also redo the computation for a+ — a_ and get 
(4.52) d t {a+ - a_) + V* • j = (^ 1/2 ,N+ - JVL), 

d tJ + V x (a+ - o_) - 4E + V x • 0({I - P}/ • ?1 ) 

= (K-fV^iV-Lil-P}/). 
Following the proof of (|3.28p and (|3.32j) we have the following lemma: 
Lemma 4.7. Let f G C^R 3 , x R 3 ) and assume f is the solution constructed 



in Theorem \2.5\ with £99 ( f) < M. There is a time- frequency functional £^(t,k) 
defined by 



3 1 

£ (ifcj&i + iArA I ^e«({I - P}/ • [1, 1]) + 2cS K 



l + |fc| 2 . 

1,3=1 



("») 

too properly chosen constants < K2 -C «i <C 1 smc/i i/iai 



(l+l*f) 

<i{i-P}/U+ Yl i-Wi^ 1/2 >i 2 

l<i,j,l<3 ' ' 

+ \(N,v l ^ 2 )\ 2 + \(N,v lVj ^ 2 )\ 2 + KNwjVW 1 ' 2 )?], 

holds for any t > and k G R 3 . 

The next lemma deals with the term 

I (TV, /i 1 / 2 ) | 2 + I (N, Viy} /2 )\ 2 + I (N, ViVjii 1/2 )\ 2 + I (N, ViV^ 2 ) \ 2 . 

Lemma 4.8. Let f G C C °°(R 3 x R 3 ) and assume f is the solution constructed in 
Theorem \2.5\ with £2.2 (/) < Af. Lei TV be defined by (|4.43p . Lei /i denote any of 
the functions /i 1 / 2 , Vi/i 1 ^ 2 , ViVjfi 1 ^ 2 , ViVjVifj, 1 ^ 2 . For a with \a\ < 2, we have 

(4.54) ||(a Q /V,A)|| 2 L , <42(/)(l|V,/|| 2 + ||V 2 /|| 2 ). 
Proo/. We first deal with -V v f±±{E- v}f±. We have 

d a (TE-W v f ± ±{E-v}f ± )= 0^d^(TE)-d a -^(W v f ± -vf ± ). 

Ql<Q 

When \a — «i| = 0, we place d ai (tE) and d a ~ ai (V v f± — vf±)p, in the spaces L 2 
and L\U£ respectively. Notice that we use (|2.3[) to handle d a ~ ai (V„/± ~vf±)ji 1 / 4 
in this case. 

When |a — ai| > 1, we place d ai (^fE) and d a ~ ai (V v f± — vf±)jl in the spaces 
and L^L 2 respectively. Notice that we use (|2.3p to handle 9 ai (T-S) m this 

case. 

Now we deal with r±(/, /). By Lemma 7 of [11] , we have 

(4.55) \(T(d^f,d a ^f),fi)\ < \d^f\ 2 \d a -^f\ a . 
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When \a — ai\ =0, we place |<9 ai /|2 and \d a ~ ai f\ a in the spaces L 2 and 
respectively and use (|2.3j) to handle |d Q ~ Ql /|cr. 

When \a — cti\ = 1, we place |9 ai /|2 and \d a ~ ai f\ a in the spaces L\ and L\ 
respectively and use (|2.5[) to handle both terms. 

When \a — ot\\ = 2. we place |<9 ai /|2 and \d a ~ ai f\ a in the spaces and L 2 
respectively and use (|2.3j) to handle \d ai f\z- 

This completes the proof of the lemma. □ 

Now we are ready to give our energy inequalities. 

Proposition 4.9. Let f <G C^°(R^ x K^) and assume f is the solution constructed 
in Theorem\K^with £ 3; 3(/) < M. Let w{a, (3) = (i;) 2 ( 3 -M-l/3|) . Then there exist 
continuous energy Junctionals C,{t) and C, h {t) such that C, ss £ 3 3 and 

c h * E Eii^^-Pii/wiiL^) 

\a\ + \p\<3 ± 

+\m)\\l+ E Eii 9 " p ±/wii2- 

1<|q|<3 ± 



Here ^ is defined in (|4.60p and C' 1 is defined in (|4.63|) . These functional satisfy 

(4.56) + AP 3 ,3 < (Halloo + HV^IUK, 

ere 

(4-57) ^C" + AP 3 ,3 < (Halloo + IIV^IUK' 1 + ||V X P/|||, 

where X is some positive number. 
Proof. Let 

Ci = /Ef + / |V ^ |2+ £ (/E e±2 ^ + /i v ^i 2 )- 

By (|2.1I) . Lemma T4. II and Lemma |4~21 since £3,3^) is sufficiently small, we have 

|ci+a« E ii^{i-p}/ii^ 

0<|a|<3 

(4.58) < 1^11^1 + ^(11^111+ E H 5Qp /H')' 

1<|q|<3 



for some positive . Let 



c 2 = c 1+ E ^jH 



e ±2 *w 2 (a a /±) 2 



1<M<3 



e e / e 

|a| + l/3|<3,|a|<2 ± 



2 



e ±2 *u. 2 (a|{I-P}/±) 2 
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with r/a^ , f} 2 \ suitably small. By Lemma I4.4[ Lemma 14.51 and (|4.58|) , we have 



(4.59) j t Q2 + \f ] E P Q {I-P}/II' 

0<|q|<3 

+ 4 2 \v) £ ||5 Q /||^ + A( 2) (r/) E ||^{I-P}/||^ 

l<|ct|<3 l<|a| + |/3|<3,H<2 



< (H0 t |U + ||v^|U)c 2 + V4 3 ( \\e\\1+ E w dap -f\\ 

l<\a\<3 



+v[\N^\\i+ E n 9Qp /n 

1<H<3 



2 I 



(2) 

where AJ , 1 < i < 3 arc positive numbers and r/ > can be arbitrarily small. Note 
that X^ depend on r\. We also make the observation that £2 ~ £3,3- 
Now let 

(4.60) C = C2 + ^ 3) f-([v, -v}^ 2 , {I - P}/) • Edx 

E ? ?/ 3) / Ifc| 2( * _1) ((l + |fc| 2 )Re^(i, fc) + ReQ I ? fc(a^_))^, 



i<;<3 



for suitable small positive numbers <q\ > 3 ', < ^ < 3. Then £ satisfies (|4.56p by 
(|4.59p . Lemma [4.61 Lemma [4.71 Lemma [4.81 and the assumption S^{f) < M for 
M sufficiently small. 
Now for ((437)) , we let 



(4.61) C^/e " 1 '^ +/|V^| 2 

+ E ^^E e±2 "^^+/i v ^i 2 )' 

for C Q > 0, 1 < I a I < 3 suitably large. Then by (f2~Tj) . Lemma S3] and Lemma B~2l 
we have 

|c( i + a^ E ir{i-p}/n 2 



0<|a|<3 



(4-62) <Ut\\^1 + ^UME\\l+ E II^P/H^+CIIV.P/II 

1<|q|<3 
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for some positive A'i . Wc then proceed exactly as in the previous case. We define 



(4.63) C* = tf+ E ^/E 



1<M<3 



e ±2< ?V(<9 Q / ± ) 2 
2 



(2) , e ±2 ^ 2 (^{I-P}/±) 2 



+ E «/E 

|a| + |^|<3,|a|<2 ± 

+ / -<[«, -v]li 1/2 , {I - P}/) • Edx 

+ E /(i + lfcl 3 )!*!^- 1 ^^*,*)*. 

l<j<3 J 

As in the previous construction, we again have (|4.57j) . This completes the proof. □ 

Proposition 4.10. Let f e C c °°(R^xE^) and assume / is the solution constructed 
in Theorem [O with £ 3 -i(f) < M for some I > 3. Let w(a,f3) = («} 2 (H«H£I). 
Then there exist continuous energy Junctionals ~ ^3,i(t) an d 

E EiiW±- p ±>/wiiW) 

|a| + |/3|<3 ± 

E En aap ±/(*)ii2 

l<|a|<3 ± 



(4-64) ^C 3;i + AP 3 .z < (Halloo + HV^IUKs;*, 

dt 

(4-65) |c 3 h ;i + XDS,1 < (II^IU + IIV^HaoJCa^ + l|V*P/l|l, 

where A is some positive number. 

Proof. With w(a,f3) = («) 2 ('-l a l-^l), following the proof of (|4T2T|) we obtain 

d_ f^e ±2 ^w 2 {d a f ± 
~dt 



E T +11*711^ 
< E/ {II^*IIoo + llv^iuK^/i) 2 + ^IZu)Ki(f) 



I 

(4.66) +r / P Q /|| 2 ^ + C,||a«/|| 2 + ?? ||V^|| 2 , 

for 1 < | a | < 3. Also (|4T25|) becomes 

d /-_e ±2 ^ 2 (as{i-p}/ ± 



e ^; + w - p>/ ± i 



± 



< E / {ll^lloo + nv^iuK(^{i - p}/ ± ) 2 
± J 

+£ 3 -Af)V3-Af) + rfl>S,l{f) + £|a| + |0|-l,/(/) 



(4.67) +»y||^{I - P}/±||^ + a ; ||Vl Q l +1 / ± l 



2 

a 5 
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for \a\ + \p\ < 3 and \a\ < 2. Note that C\\d a V x <t>\\ 2 2 < r)\\E\\l + C v \\W l x l+1 f\\l by 
interpolation. Then the proof of Proposition 14.91 can be applied here. Under the 
assumption £ 3; i(f) < M, we have (j4~M| and (|4T65|) . □ 

5. Proof of our main theorem 

This section is devoted to the proof of Theorem 11.11 We start out with some 
basic estimates. The next lemma deals with the nonlinear term N. 

Lemma 5.1. Let N = [N+, iV_] be defined as in (|4.43[) . Then we have 

(5-1) \\N\\ H , + \\N\\ Zl <Ss-Af). 

Proof. We first deal with the terms E ■ V v f and E ■ vf. We have 

l|£.v„/|| w i + p;-«/|| w i 

< (Halloo + ||V*S||oo)(||V„/|| a + ||V a V /|| a ) 
+(||-B||oc + HVx^lUJdlw/Ha + ||«V x /||a) 
(5-2) <4- 3 (/)> 
and 

\\E-V v f\\ Zl + \\E-vf\\ Zl 
< (\\E\\ 2 + ||V aJ B||2)(||V„/||a + HV^/Ha) 
+ (\\E\\2 + \\V x E\\ 2 )(\\vf\\ 2 + \\vV x f\\ 2 ) 
(5-3) < 4s(/). 

Now we turn to the term T(f, /). Now, using (| 1 . 10[) . it suffices to estimate 
f [ 5 i,ff 2 ] =9, ({^ * lv 1/2 gi}}d ]g2 ) - {*« * [V /a 5i]}0jfla 

- a t ({*« * [^ 1/2 5 J gi]}.g 2 ) + {<& y * [viii 1/2 d jgi ]}g 2 

This expansion can be found in Lemma 6 of |llj . Above and below we implicitly 
sum over indices i and j when they are repeated. Since <J> 1 -? < i , we have 

* \M*9] Z ((^T * M 5 ) V2 |/ /2 3|2 < |M 5/2 3U?- 

Thus we have 

|f(/,/)U? < l/U ? |v,/| i? + |/| i? |v^/U3 + |v,/U ? |v,/u ? . 

Hence 

l|f(/,/)||a 

< ll/IUj^iiv„/|U4 i? + H/IU^IIvS/iUj^ + ||v„/|| L 4 i?i ||v w /|| L 4 L? 

(5-4) <£ S -M 

where we have used (|2.5|1 in the last line above. 
Similarly, we have 

|v,f(/,/)U ? 

< |v a /u ? |v„/U ? + IVx/Ujlv^/Uj + \v x v v f\ Ll \v v j\ Ll 
+\I\ Ll \v x v v f\ Li + \f\ Ll \v x v 2 j\ L * + \v v f\ Ll \v x v v f\ Ll , 
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and 

\\y x mf)\\ 2 

< \\V x f\\ LiLl \\V v f\\LiLi + \\V x f\\ LiLl \\V 2 J\\ LiLl 
+||VxV,/|Uii4||V t ,/||i 4£ » + ||/|U«i;||V x V t) /||i 4i2 

+ll/IU-£2l|v*v2/|U 2 i3 + liv./iu^nv.v^/iu^ 

(5-5) <4s(/), 

where we have used (|2.3p and (|2.5p in the last line above. 
Finally we estimate ||r(/, /)||zi as follows: 

(5.6) ||f(/,/)|| Zl <||/|| i?£ 3||V./|U, LS + ||/IU^||V 2 /|U ?i 3 

+ l|V„/||L2 Li ||V„/|| L ; L 2 <4s(/)- 

This completes the proof of Lemma 15.11 □ 
The following two lemmas grant time decay of the energy, locally in time. 

Lemma 5.2. Assume that for < t < T, sup 0<t<T £ 3 . 3 , 3 (f)(t) < M sufficiently 
small for some fixed p' <G (0,1/2), and 

l-T 



(5.7) / (||</> t (s)||oo + ||V x 0|| oo )ds< 1. 

Jo 

We have for <t <T that 

(5.8) 4a(/(*)) <Cp'(l + *r f (43+^ (/o) + II/0HI,). 

Proof. The proof of this lemma benefits from developments in [THl Theorem 1.2]. 
Recall the definition of £ from (|4.60[) . Now for 1/2 > p' > 0, we define Q ow and 
(high as follows: 



/ ,Ef + /i v ^i 2 + E / ,E e±20r F 

J(v)<tP _I_ Z J i^l„I^Q-'(«)<t p J- Z 



V- (2) /" ^ e ±2 ^ 2 (^{I-P}/±) 2 

+ E % j> / , E o 



M + I/3|<3,H<2 



(ti)<tP ± 



(5.9) + E ^ 2) / E 

l<|a|<3 ^><* p ' ± 



e ±2< ^ 2 (d Q /±) 2 



/ ,£# + E / ,E 



±20,„2 ( 'aQr T _ 



e v if 



E *SL,£ 

|a| + |/3|<3,|a|<2 " , W>* P ± 

(5 . 10) + E W E i!!^!M 

1<|«|<3 • / <^>>* !) ' ± 2 



(^{I-P}/±) 2 
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Then we have £ ps £/ ouj + C/iig/i • From (|5.9[) , we have 
for f > 1. Conbining this and (|4.56[) gives 



d_ 



C(t) + \ptr-\(t) < (\\Moo + HV^IUC + t' 3 - 1 ||P/| 



(5.12) +t p -\high(t) + ApOlV*^ 

where we defined A = y with p = —p' + 1 > 0. Use the factor 

e - AtP +/o(ll^llo= + ll V *0lloc)ds 

to obtain 

C(i) < e" A * P+ ^ t(ll</,tlu+l|v ^ lu)ds C(0) 



> I 1 2 5 



+ I e 



\t P + \S P +/« ( I I t I I oc + | | V. 1 | oo ) ds 



(5.13) • (OlP/lli + s^Chighis) + \psV- l \\V x <t>l {3<1} (s)\\ 2 2 ) ds. 
Because of (|5.7I) . (|5.13p becomes 

C(*) < e^ AtP C(0) 

(5.14) + f e - xtV+XsV (OIP/H! + -""WW + A^-'UV^l^rjWHi) ds. 

Jo 

From (|5.10[) . we have 

(5-15) Chigh(t) < (1 + ir l 4,3+^ 7 (/o), 

where we have used (|5.7p and (|4.64|) . 

Next we deal with the term ||P/||| in (|5.14f) . We have 

(5.16) f(t)=I (t)+h(t), 

with 

I (t) = A(t)/o, h(t) = [ A(t - s)N(f)(s)ds. 

Jo 

Using (|3.18[) with to = 0, r = 1 and £ = — b > with 6 sufficiently large, we obtain 
||<«)- 6 J (t)|| a < (H-^-SlK^-^/olU^n^ ^ (l + *)- 5 ll/olU S , w n^, 



and 

\\(v)- b h(t)\\ 2 < I \m- b Ht - s)N(f)(s)\\ 2 ds 

(l+t-s)-*\\{v)- b+ iN(f)(s)\\ LlvnZl ds 

< f (l + t-s)-i\\N(f)( S )\\ LlvnZl ds. 
Jo 

Define 

(5.17) C°°(*)= sup (l + s)i((s). 

0<s<t 
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For 7i(t), from (J5l|) and the definition (f!U7| of C°°(*), it holds that 

\\(v)- b h(t)h< f\l + t-8)-ias)da 
Jo 

<(°°(t) f (l + t-s)-i(l + s)-?ds 



<C°°(*)(i + *r*. 

Here we used the decay estimates for the time integrals as in [2TJ Proposition 4.5]. 
Collecting the estimates on h(t) and I?(t) above, with (|3.3j) . implies 

(5-18) ||P/(t)||a < \\{v)- b f{t)\\\ < \\{v)- b h{t)\\l + \\(v)- b h(t)\\i 

^(i+*r i ii/oiii Si „nz 1 + (i+*r | [c oo (*)] a . 

For the term Ap||Va;<^l{t<i}||2, we have 

(5.19) Xp\\V x ^l {t<1} \\ 2 2 < Xp(l + t)-§{°°(t). 

Now wc plug ([STTS]) . (|5TH?)) and ([57X5]) into (|5TT4")l to obtain ([ST5]) since M is suffi- 
ciently small and A can be chosen to be small. Note that we used Lemma [A. 31 □ 

Lemma 5.3. Assume that for < t < T, ||/o||zi + sup 0<t<T £ 3 .5 , s (,f)(t) < M 
sufficiently small for some fixed p' £ (0, 1/2), cmc? 

(5.20) / (||^(s)||oo + ||V x 0||oo)da<l. 



We have 

II^WHoo + IIV^Hoo 

(5.21) <C p ,(l+t)- |+ ^ y^V{h) + ||/o|k). 

Proof. The proof of this lemma is similar to that of Lemma [5.2l Recall the definition 
of C' 1 from (|4.63p . Now for f /2 > p' > 0, we define C/t™ and h as follows: 



J(v)<tP' ± L J 1<|q|<3 J (v)<tP' 

± 2 <t>,n 2 (f)*{I- 

2 



+ £ <W M ,E 

|a| + |/3|<3,|a|<2 J <»X* P ± 



(2) / e w 



(9?{I-P}/±) 2 



(5.22) + £ ^/ E 

i^l-.l^o J(v)<tP' 4_ 



e ±2 ^ 2 (9 a /±) 2 



1<M<3 



• 7 ( t '>>* P ± ^ l<|a|<3 17 <*>>*" ± 



±20.) 



±20,,,2 ( 'nar T _ 



E « / E " 

|a| + |)9|<3,|a|<2 "'M>t p ' ± 



(dS{I - P}/±) 



(5-23) + W E 

!<| a |< 3 •/<«>>»■ ± 



e ±2 *w 2 (d a f±Y 
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Then we have C' 1 « Ct w + Cjtigh- From we have 

(5-24) <©g.g(/)( t ), 

for t > 1. Conbining this and (|4.57[) gives 

^C /l W + w?-\ h (t) < (\\Moo + liv^lloc)^ + WVxffWl 

(5-25) +t p - 1 $ igh (t) + Ap* p - 1 |lV 4e 01 {t< i } I|i. 

Following the exact procedure used to obtain (|5.14p . we achieve 
C h {t) < e- xt \ h (0) 

(5-26) + [ e - xtW (IIV.P/HI + ^- 1 Ct sfe (s) + Ap^- 1 ||V^l {s<1} ( S )||l) rfs. 
Jo 

£From HQ!]) , (|577|) and we have 

(5-27) cStefcC*) < (l + t)^ +P '4,| + ^(/o). 

Next we deal with the term ||V X P/||| in ([5~26)) . It follows from Theorem IO and 
ff373]l for b > that 

l|v«P/(t)||2 < ||(«)- 6 v x p/(t)||2 < (i + t)-*||( w )- 6+ Vo||^ nXi 

+ /V + t s)-i\\(v)- b ^N(f)(s)\\% nZi ds. 
Jo 

Here j is defined as in Theorem 13.11 We can take b sufficiently large to make 
—b+j < 0. Since 3 + ^7 < f + ^jWe can apply Lemma [S~2l together with Lemma 



54] and Proposition 4.5 in [5T] to get 
HV a P/(t)||l 



[ (l + t-s)-^\\N(f)(s)\\l lnz ds 



(1 + ll/o||^ lnZl + / (1 + t - s)-k(s)ds 



(1 + t)^ (\\fo\\% nZl + (4 3+ ^(/o) + ll/olllj 2 ) 
(1 + r 1 (ll/o||^ nZl + (4 3+ ^(/o) + ll/olllj) 
(5.28) < (l + t)-f (4;|+^(/o) + H/olllJ , 



< 
< 



4p' 

where we have used the smallness of M in the last line above. Define 

(5.29) C h, °°(t) = sup (1 + s)*- p 'c' l (s). 

0<s<* 

For the term Ap||Vz^>l{ t< i}|||, we have 

(5.30) Ap||V x ^l {t< i } ||3<Ap(l + *)~ i+,/ C' l,00 (*)- 
Now we plug ([5T28]) . (j5T30|) and (f5T27|) into (|5T26|) and to obtain 

(5.31) C h '°°<c pl (y / 4^XW + ll/olk I ) 2 - 

Note that we have used Lemma fA. 1 1 and Lemma [A.3I in our integral. 
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Notice that H^H^ + ||V x 0||oo < \/t h (t). So (15~2TD follows from (1QTT) . □ 
Here is a lemma which deals with the the mixed v and x derivative estimates. 

Lemma 5.4. Let /o G C^°(M^ x R^) and assume f is the solution constructed in 
Theorem \2.5\ Assume for M > sufficiently small, that £3.5, 5 (/) < A/. 

(%) For I > § + 4^7, we have 

(5-32) [ V 3 .j{f)ds 

Jo 



JO I I j — ' Q JO 



^1 1 1 



|a|<3 

P3;l(f) + IIWHoo + ||^||oo]<M/)^}- 

(%) 7/m > 4 and / > | + ^7, we /law 

(5.33) £ m -Af)+ I V m . tl (f)ds 

Jo 

< C l!m {£ m; l(f ) + f [T> m -l,l(J) + ||V x 0||oo + ||fl^||oo]£n;l(/) 

Jo 

Jo 1 1 «/ 

JO 

Proof. We use mostly the estimates given in the proof of Lemma 12.31 Actually 
p. 331) implies (|5.33|) already. For (|5.32[) , the only difference is in the estimate of 
(pQ2"|) . By (HU), we have 

^M< E E K«>~^ I /|2|^ 1 I /l«r,»(a I «|^/U,«(a,«. 
oi<a 0<Pi<P 



When + < 1, we place \{v)~ l dff\ 2 in L~ We place both la^/l^^^ 
and \d$f\ 

When |ai| + > 2, we place \d^f\a M ^) in L ? ■ We place K^-^/la 
and \dff\ 

In both cases, we have 



(5.34) < V £ 3 ;l(f)V 3 ;l(f) Z VV 3 ;l(f) + <%(/ )^3;K/)- 

Combining (|5.34[) and estimates given in the proof of Lemma 12.31 gives (|5 . 32[) . □ 
Now we are ready to prove Theorem 11.11 



Proof of Theorem The strategy we use is from the proof of Theorem 1 in |10j . 
Step 1. Global Small £T 3 . s._| ^ Solutions. 
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We denote 



T* = sup(f 3: 5 + 5 (f)(t) + f V s .s + . {f)(a)da < M 
t>o I ^ Jo 4p 



(5.35) and / (HV^IU + ||<fe||oo)da < VM 



o 

Clearly T* > if £3.5, 5 (/ ) is sufficiently small from Theorem 12.51 Our goal is 
to show T* = 00 if we further choose £ 3 .5 + _5_(fo) small. 

For l> § + 1 | 7 , we take a large constant C x (|4"36")l + ([5321) to get 

£s-,i(f)+ I T>w(f)da 
Jo 

t ft 
2 



(5.36) < {£ 3 4f ) + J ||P/||| + / PW) + l|V0IU + IMoc]M/)<k}- 
By Lemma |5.2[ we have 



n 



\l< I (1 + *)-' (4 ; 3+^(/0) + ll/0|ll 1 )rft 



(5-37) <4;3+A(/o) + II/0IIIL 



4p^ 



for t < T„. Since J * [|l^(s)||oc + IIV^IU + £> 3 . f +3 | T (/)]ds < 1, The Gron 
wall's inequality such as Lemma 4 in [TU] implies 



(5.38) £ 3 . ti+ ^(f)+ V 3 . 5 ,(f)ds<(£ 3 . 5+ ,(f ) + \\f \\' Zl ). 



^From Lemma 15.31 we obtain 

f {llv^wiioo + II^WIU}^ 

t)-f+£ (^ 3i f+^(/o) + ll/o|k)ds 

~ V /£ ~3;| + ^ 7 (/o) + ll/o|k 1 . 



< 



Upon choosing the initial condition A /£ 3 .5 + 5 (/o) + ||/o||zi further small, we de- 

V ' 2 4p' 

duce that for < t < T», 

+ A (/(*)) + / V 3 . i+ s(f)ds <^-<M 
2 ip Jq 2 ip 2 

and 

J *{||v^( s )|U + II^WIloo}^ < y < m. 

This implies that T* = 00 and the solution is global. Then (|1.16[) and ()f .f 7[) follow 
from Lemma 15.21 and Lemma 15.31 

Step 2. Higher Moments and Higher Regularity. We shall prove (jl.f 8[) by an 
induction of the total derivatives |a| + |/3| = to. By (|5.36p . we know (| 1 . is valid 
when m = 3,1 > § + 
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Assume (|1.18|) holds for to — 1. Recall ([4.4)1 . For |a| = m, we have for any 77 > 0, 

e ±2 ^(<9 Q / ± ) 2 



dt 



E 



|va 



(Ld a f,d a f) 



<E/ l^l|9 a /±l 2 + V^Cf) (/ l^/±|^ + ||v^ 

+ C m ,,[X> 2 ; 2 (/)f mi z(/) + {1 

We note that from Lemma 7 of [IT], we have 



+7? E w da 'f\£ 

\a\—m 



E P QAr ±H2 £ C m {\ +£ m -i.i{f)}T> m -i-Af)- 

\<x\Km—l 



^From f|4.53p , we have 



< E \\ da f( t )\\ 2 + E ii^/wii 2 

|a|— m |a|— m— 1 

< E n^/(*)ii a +^-i,'(/(*)) 

|q|— 771 

< E \\d a f(t)\\ 2 +P m -l,l(£™-l;l(fo)) 
\a\—m 



by the induction hypothesis. 
We take the time derivative of 

n m , j£^(t,k)(l + \k\")\k\ 2 ^- 1 Uk+ 

\a\—m 



E 



a±\1 



for some small multiple K mi ; and apply Lemma 14.71 together with the inductive 
hypothesis to get 



E ii 9Q /ii2+ E f\\ da f\\l 

11 1 1 ^0 

\ol\— m \a\—m 

<£ m u(fo) + P m -i,i(£ m Afo)) + (VM + V ) [ V \\d a f\\l 

Jo 1 1 

I a\— rn 

+ [ V 2 , 2 (f)£ m ;l{f) + Cl.m, n I {l + Em-X-Af^m-lAf) 
JO JO 

<£ m ;i(fo) + (VM + n) V \\d a f\\l + [ v 2;2 (f)£ m . tl (f) 

\a\—m 

+Cj,m,7j[l + ^m-l,!(^m;i(/o))]^m-l,l(^m|l(/o)) 
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Here P m -i,i is a continuous, increasing function from the induction hypothesis. For 
M, T] sufficiently small 

(5.39) J2 {\ da f\ 2 + J |Va>| 2 |+ Yl f\\9 a f\\l 

\a.\—m \a\=m ^ 

< C Lm [l + P m -u(£ m u(fo)W m -Afo) + P m -i,i(£ m -Afo))} + I 2>a ; a(/)£mij(/), 

Jo 

where we have used £ m -v,i(fo) < £ m ;l(fo),Pm-i,i(^rn-i;i{fo)) < Pm-i,l(£~m;l(fo))- 
Multiplying a large constant C x (f5739]) + ([533]) to absorb / * E| Q |= ro I l^ Q /| | 2 in 
(|5.33p . we obtain: 

+ / Z>m;l(/) £ Cl,m[l + (/o))] (/o) + f m -l.i(L;l(/o))] 

+C,, m / (X> m _i.,(/) + HV^^IU + H^Hoo) £m;l[f)- 
JO 

We use Lemma 4 in [10] with 

/ (X> m _i ;i (/) + || V^^l |oo + 1 1 dt (f>\ |oo) d,S < P m _l i ; (£ m -l;l,q(fo)) 

Jo 

to get 

£*;!(/)+ / ©mil(/) 

Jo 

< C,, m e C '.*» P "- 1 ^'^»[l +P m -l,l(^ ni i(/ ))][^ ni i(/o) +i'm-l,z(fm i i(/o))] 
= P m ,l(£m;l(fo)) ■ 

This concludes the theorem for / £ C™(R 3 X xEj). For a general datum /o G £ m: / 
we can use a sequence of smooth approximation /q and take a limit. □ 

Appendix A. Time decay of certain integrals 

In this appendix we give some basic time decay estimates of certain integrals. 
The first lemma deals with the polynomial decay rate. 

Lemma A.l. Suppose that 0<p<l,A>0 and fj, > 0. Then 

ds e- MtP - sP \l + s)-» < C(A,M>p)(l + t) 1 ~ , '(l +*)"", 
where C(\,fJ,,p) > only depends upon A, /i and p. 

Remark A. 2. Note further that (for t > 1) we have the following lower bound 
f dse- x ( tP - sP \l + S )-»> f dse-^ tP - sP \l + s)-» 

JO Jt/2 

>4 1 - p (l+t)-"(l + t) 1 - p f ds s P- 1 e - A (t"-s ,> ) 

Jt/2 

= + t )-»(i + ty-p (i - e-^i 1 - 2 ' 9 )) . 

We thus observe that the upper bound in Lemma lA.ll is asymptotically sharp. 
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Proof of Lemma ] A. 1\ Without loss of generality it is safe to assume that t > 1. We 
split the integral as 

r t r t/2 r t 

d S e-^ P - sP Hl + s)^= / + / . 

JO Jt/2 

For the first integral we have the crude estimate of 



which will decay faster than any polynomial. 

Now for the second integral we proceed as in Remark I A. 2 1 

ds e - A ( tP - sP >(l + S )-" < (l + ty^l + ty-P f ds sP-'e-^"-^ 

t/2 Jt/2 



= -^(i + ty^i + t) 1 -? (i 



e 



-\t p (l-2- p ) 



< -j-ii + ty^i + ty-p. 

Xp 



This completes the proof. □ 
Lemma A. 3. Suppose that 0<j><l,A>0 and ft > 0. Then 

ds sP- 1 e-^ t "- s ^(l + s)-^ < C(\,(j,,p)(l + t)-» 

where C(X,fi,p) > only depends upon X, fi and p. 

The proof of Lemma IA.3I follows exactly as in the proof of Lemma IA.1I 
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